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. , Connolly-Koz\acute niewski [9]
, .
$M$ , $|S|$
$S$ : $|S|arrow M;|s|arrow[s]$
. . $S$
( $|S|\cross M$ ) . $s\in S\subset|S|\cross M$
1 $|s|\in|S|$ , 2 $[s]\in M$ . $S$ $|s|$ $[s]$
.
. $S$ $Z$ $M$ , $Z[S]$
. $|S|$ , $Z$ [ $(f.g.)$ . $M$
$\{Z[S_{\alpha}]\}_{\alpha\in A}$ ( $A$ ) $\oplus_{\alpha\in A}Z[S_{\alpha}]$
. $S_{\alpha}$ $S_{\alpha}’$ :
$S_{\alpha}’$ : $|S_{\alpha}’|=|S_{\alpha}|\cross\{\alpha\}\approx|S_{\alpha}|arrow^{s_{\alpha}}M$.
$|S_{\alpha}’|$ $( \bigcup_{\alpha\in A}|S_{\alpha}|)\cross A$ . $|S_{\alpha}’|$
$u_{\alpha\in A}|S_{\alpha}’|$ . $S_{\alpha}’$ $u_{\alpha\in A}S_{\alpha}’$ : $u_{\alpha\in A}|S_{\alpha}’|arrow M$
4. $\oplus_{\alpha\in A}Z[S_{\alpha}]$ $Z[u_{\alpha\in A}s_{\alpha}^{J}]$ .
$|S_{\alpha}|$ , $S_{\alpha}’$ ,
$\oplus_{\alpha\in A}Z[S_{\alpha}]=Z[u_{\alpha\in A}s_{\alpha}]$ .
. (1) $|S|$ , $Z[S]$ $0$ .
(2) $M$ $CW$ $n\geq 0$ . $M$ $n$ $|S|$
, $n$ $e\in|S|$ , $\varphi_{e}$ : $D^{n}arrow M$ .
$S:|S|arrow M;e\mapsto\varphi$ $(O)$ $M$ $Z[S]$ . $O$ $n$ $D^{n}$
. $M$ $Z$ $n$
.
$\pi$ : $\overline{M}arrow M$ . $M$ $Z[S]$ ,
$Z[\tilde{S}]$ $\tilde{S}$ : $|\tilde{S}|=S^{*}\overline{M}(\subset|S|\cross\overline{M} )arrow\overline{M};(|s|,\tilde{m})rightarrow\tilde{m}$
. $\overline{M}$ . $\pi$
. $\pi$ $\Pi$ $|\tilde{S}|$ , $Z[\Pi]$ $Z[\tilde{S}]$
. $Z[\Pi]$ $Z[\tilde{S}]$ $Z$ [
. $M$ ,
$Z[\pi_{1}M]$ $Z[\tilde{S}]$ . , $Z[\pi_{1}M]$ $M$
. $M$
$Z[\pi_{1}M]$ .
. $Z[S]$ $Z[T]$ $M$ . $S$ $s,$ $T$ $t$
$[s]$ $[t]$ $M$
$\rho$ : $[0, \tau]arrow M(\tau\geq 0, \rho(0)=[s])\rho(\tau)=[t])$ $(s, \rho, t)$
. $s$ $t$ . $f$ : $Z[S]arrow Z[T]$
5$Z[S]$ $Z[T]$ :
$\sum_{\lambda\in\Lambda}m_{\lambda}(s_{\lambda}, \rho_{\lambda} : [0, \tau_{\lambda}]arrow M, t_{\lambda})$
.
A ,
. $Z[S]$ $Z[T]$ $f= \sum_{\lambda\in\Lambda}m_{\lambda}(s_{\lambda}, \rho_{\lambda}, t_{\lambda})$ , $f’=$
$\sum_{\gamma}\epsilon r^{m_{\gamma}’(s_{\gamma)}’\rho_{\gamma}’,t_{\gamma}’)}$ $(f=f’)$ , ,
$\varphi$ : $\Lambdaarrow\Gamma$ .
$m_{\varphi(\lambda)}’=m_{\lambda}$ $(s_{\varphi(\lambda)}’, \rho_{\varphi(\lambda)}’, t_{\varphi(\lambda)}’)=(s_{\lambda}, \rho_{\lambda}, t_{\lambda})$ ( $\lambda\in\Lambda$ ).
.
. $f$ $g$ $f-g$ $f+(-1)g$ .
$f= \sum_{\lambda\in\Lambda}m_{\lambda}(s_{\lambda}, \rho_{\lambda}, t_{\lambda})$
: $Z[S]arrow Z[T]$ ,




. $\rho_{\lambda}$ : $[0, \tau_{\lambda}]arrow M,$ $\sigma_{\gamma}$ : $[0, \tau_{\gamma’}]arrow M(\rho_{\lambda}(\tau_{\lambda})=$
$\sigma_{\gamma}(0))$
$\sigma_{\gamma}\rho_{\lambda}$ : $[0, \tau_{\lambda}+\tau_{\gamma}’]arrow M$
$\sigma_{\gamma}\rho_{\lambda}(x)=\{\begin{array}{l}\rho_{\lambda}(x)(0\leq x\leq\tau_{\lambda})\sigma_{\gamma}(x-\tau_{\lambda})(\tau_{\lambda}\leq x\leq\tau_{\lambda}+\tau_{\gamma}’)\end{array}$
. $f= \sum_{\lambda\in\Lambda}m_{\lambda}(s_{\lambda}, \rho_{\lambda}, t_{\lambda})$ : $Z[S]arrow Z[T]$
$Z$ :
$|f|$ : $Z[S]-arrow Z[T]$ ;
$s \sum_{s_{\lambda}=\iota}m_{\lambda}t_{\lambda}$
.




. , $f_{\alpha}$ : $Z[S_{\alpha}]arrow Z[T_{\alpha}]$ $S_{\alpha}\subset u_{\alpha\in A}s_{\alpha},$ $T_{\alpha}\subset u\alpha\in AT_{\alpha}$
$Z[uS_{\alpha}]$ $Z[uT_{\alpha}]$ .
. (1) $0$ . $|0|$ .
(2) $Z[S]$ $M$ , $s\in S$ $s$ $c_{s}$ : $\{0\}arrow M$
$c_{s}(0)=[s]$ .
$\sum 1(s, c_{\iota}, s)$ : $Z[S]arrow Z[S]$
$s\epsilon s$
$Z[S]$ , $1_{Z[S]}$ 1 .
$f$ : $Z[S]arrow Z[T]$ , $f1z[s]=f=1_{Z[T]}f$ . $|1_{Z[S]}|$
$Z[S]$ .
.
$f= \sum_{\lambda\epsilon\Lambda}m_{\lambda}(s_{\lambda}, \rho_{\lambda}, t_{\lambda})$
: $\bigoplus_{j=1}^{n}Z[S_{j}]arrow\bigoplus_{i=1}^{m}Z[T_{i}]$
, $f;j$ : $Z[S_{j}]arrow Z[T_{i}](1\leq i\leq m, 1\leq j\leq n)$
$f_{ij}= \sum_{\lambda\in\Lambda,\iota_{\lambda}\in S_{i},t_{\lambda}\in T;}m_{\lambda}(s_{\lambda}, \rho_{\lambda}, t_{\lambda})$
. $f$ $f_{ij}$ ; $f$ $\sum_{i,j}f_{ij}$ .
, $f_{ij}$ $S_{i}\subset u_{1\leq j\leq n}s_{j},$ $T_{i}\subset u_{1\leq i\leq m}T_{i}$ , $Z[uS_{j}]$ $Z[uT_{i}]$
. $m\cross n$ $(f_{ij})_{1\leq i\leq m,1\leq j\leq n}$ . $f$ . ,
$\oplus_{i=1}^{n}f_{i}$ : $\oplus_{i=1}^{n}Z[S_{i}]arrow\oplus_{i=1}^{n}Z[S_{i}]$ $fi,$ $\ldots,$ $f_{n}$
.
7$M$ , $Z[\tilde{S}]$ $Z[\tilde{T}]$ $\pi$ : $\overline{M}arrow M$
$Z[S]$ $Z[T]$ , $\pi$ $\Pi$ .
$(s, \rho, t)$
$\tilde{s}\in\overline{S}$ $t^{\sim}\in\overline{T}$
$(\tilde{s},\tilde{\rho}, t^{\sim})$ . $\Pi$
. , $f= \sum_{\lambda}m_{\lambda}(s_{\lambda}, \rho_{\lambda}, t_{\lambda})$ : $Z[S]arrow Z[T]$
:
$f= \sum\sum m_{\lambda}(g\tilde{s}_{\lambda}, g\tilde{\rho}_{\lambda}, gt_{\lambda}^{\sim})$ : $Z[\tilde{S}]arrow Z[\tilde{T}]$
$\lambda\in$ A $g\in\Pi$
. $Z$ $|f|$ $Z[\Pi]$
. $f$ . $\pi$ : $\overline{M}arrow M$ ,
$M$ ( ) ( )
$Z[\Pi]$ .
$Z[\tilde{S}]$ $Z[\tilde{T}]$ $Z[\Pi]$ $Z[S]$ $Z[T]$
. $(s, \rho, t)$ $f$
. $\rho$ ( ) $M$
, $(s, \rho’, t)$ . $\overline{M}$
, $f$ $(s, \rho, t)$
$(s, \rho’, t)$ , .
. $(s, \rho, t)$ $\rho$ ,
. $s$ $t$ .
:
1. ,
2. $m(s, \rho, t),$ $n(s, \rho, t)$ $(m+n)(s, \rho, t)$ ,
.
, $(s, \rho, t)$ $(s, \rho’, t)$ , $(s, \rho, t)-(s, \rho’, t)$
8:
$(s, \rho, t)-(s, \rho’, t)\sim\dagger*\# 1(s, \rho, t)-(s, \rho, t)^{t*(}\sim^{\mathfrak{k}2}0(s, \rho, t)=0$ .
.
$\varphi$ : $Marrow N$ . $M$ $A=Z[S]$ , $\varphi_{\#}A$
, $N$ $Z[\varphi S:|S|arrow Marrow N]$ . $S$ ( ) $s=(|s|)[s])$
, $\varphi S$ ( ) $(|s|, \varphi[s])$ $\varphi s$ . $f= \sum m_{\lambda}(s_{\lambda}, \rho_{\lambda}, t_{\lambda})$ : $Aarrow B$
$M$ $A,$ $B$ ,
$\sum m_{\lambda}(\varphi s_{\lambda}, \varphi\rho_{\lambda} : [0, \tau_{\lambda}]arrow^{\rho_{\lambda}}Marrow\varphi N, \varphi t_{\lambda})$





$\{C, d\}$ :. . . $arrow C_{r+1}arrow C_{r}d_{r+1}arrow^{d_{r}}C_{r-1}arrow\ldots$
$d_{r}d_{r+1}\sim 0$ , $M$ .
$d^{2}\sim 0$
. , CW $d^{2}\sim 0$
. [16] .
. .
9. $M$ $A$ $P$ : $Aarrow A$ $p^{2}\sim p$
, $p$ . $M$ $A$ $p$ : $Aarrow A$ $(A, p)$
$M$ . $(A, p)$ $(f.g.)$ $A$
. $f$ : $(A, p)arrow(B, q)$ $f$ : $Aarrow B$ $qf\sim f$
$fp\sim f$ . $(A_{i}, p_{i})$ $\oplus_{i}(A_{i}, p_{i})$
$(\oplus_{\mathfrak{i}}A_{i}, \oplus_{i}p_{i})$ .
$(A, p)$ $M$ , $P$ : $Aarrow A$ $(A, p)$
. $p$ (up to homotopy ) . $M$
. $f$ : $(A, p)arrow(B, q)$
, $g$ : $(B, q)arrow(A, p)$ $gf\sim p,$ $fg\sim q$
; $g$ $f$ .
$(A, 1)$ $A$ , .
$(A, 1),$ $(B, 1)$ $A,$ $B$ .
. $M$
$d_{r+1}$ $d_{r}$
$\{(C, p), d\}$ :. . . $arrow(C_{r+1}, p_{r+1})arrow(C_{r}, p_{r})arrow(C_{r-1}, p_{r-1})arrow\ldots$
, $d_{r}d_{r+1}\sim 0$ , $M$ .
$d$ , $(C, p)$ . $(C, p)$ $n$
$C_{r}=0$ $(r<0 r>n)$ . $p_{r}$
1 , ,
$C$ :. . . $arrow C_{r+1}arrow C_{r}arrow C_{r-1}arrow\ldots$
. $(C, p),$ $(D, q)$ :
$(C, p)\oplus(D, q)$ :. . . $arrow(C_{r}, p_{r})\oplus(D_{r}, q_{r})arrow(C_{r-1}, p_{r-1})\oplus(D_{r-1}, q_{r-1})d_{C}\oplus d_{D}arrow\cdots$
10
$(C, p)$ $(f.g.)$ $(C_{r}, p_{r})$ .
, :
. (1) $f$ : $(C, p)arrow(D, q)$ $f_{r}$ : $(C_{r}, p_{r})arrow(D_{r}, q_{r})$
$f=\{f_{f}\}$ $d_{r}f_{r}\sim f_{r-1}d_{f}$ .
(2) $f,$ $g$ : $(C, p)arrow(D, q)$ $h$ : $f\simeq g$ $d_{r+1}h_{r}+h_{r-1}d_{r}\sim$
$g_{f}-f_{f}$ $h_{r}\cdot$ : $(C_{f}, p_{r})arrow(D_{f}+1, q_{r+1})$ $h=\{h_{r}\}$ .
(3) $f$ : $(C, p)arrow(D, q)$ , $gf\simeq p$ $fg\simeq q$
$g$ : $(D, q)arrow(C, p)$ ( ) .
(4) $(C, p),$ $(D, q)$ $((C, p)\simeq(D, q))$ ,
.
(5) $(C, p)$ , .
, $h$ : $0\simeq p$ : $(C, p)arrow(C, p)$ .
(6) $f$ : $(C, p)arrow(D, q)$ $(f : (C, p)\cong(D, q))$ , $gf\sim p,$ $fg\sim q$
$g$ : $(D, q)arrow$ ( $C$ , p)( ) . $f_{r}$
.
(7) $f$ : $(C, p)arrow(D, q)$ $C(f)$
$d_{C(f)}=$ $(\begin{array}{ll}d_{D} (-)^{r-l}f0 d_{C}\end{array})$ : $C(f)_{r}=(D_{f}, q_{r})\oplus(C_{r-1}, p_{r-1})$
$arrow C(f)_{r-1}=(D_{r-1}, q_{r-1})\oplus(C_{r-2}, p_{r-2})$
. ( $f$ ,
$C(f)$ . 2.4 .)
. $X$ $px$ :
$Marrow X$ . $M$ $p_{X}$ , $X$
11
$Z[S]$ $PX$ . $W$ $X$ . $\epsilon\geq 0$
, $X$ $W$ $\epsilon$ $W^{\epsilon}$ . $(W^{\epsilon})^{\delta}\subset W^{\epsilon+\delta}$
. , $\epsilon>0$ $W^{-\epsilon}$ $\{x\in W|d(x, X-W)\geq\epsilon\}\subset W$
.
$px$ ,
. $f$ $(s, \rho : [0, \tau], t)$ ,
$M$ $p_{X}^{-1}(\{p_{X}\rho(0)\}^{\epsilon}\cap\{p_{X}\rho(t_{\rho})\}^{\epsilon})$ , $f$ $\epsilon$
. $\epsilon$ $f,$ $g$ ,
1. $1$ , $(s, \rho, t)$ $p_{X^{1}}^{-}(\{px\rho(0)\}^{\epsilon}\cap\{px\rho(t_{p})\}^{\epsilon})$
,




(1) $f\sim_{\epsilon}f’$ $f’\sim\delta f’’$ $f\sim_{\max\{\epsilon,\delta\}}f’’$ .
(2) $f\sim_{\epsilon}f’$ $g\sim\delta g’$ $m,$ $n\in Z$ ( $mf+ng\sim_{\max\{\epsilon,\delta\}}mf’+ng’$
.
(3) $f$ $\delta$ , $g$ $\epsilon$ , $g$ $\delta+\epsilon$
.
(4) $f\sim_{\epsilon}f’$ $g\sim\delta g’$ $gf\sim_{\epsilon+\delta g’f’}$ .
:
$px$ : $Marrow X$ $M$ . $px$
.
12
. $p$ : $Aarrow A$ $p^{2}\sim_{\epsilon}p$ , $P$ $\epsilon$ . $p$ $\epsilon$
, $(A, p)$ $\epsilon$ . $f$ : $(A, p)arrow(B, q)$
$\epsilon$ , $f$ $\epsilon$ , $qf\sim_{\epsilon}f,$ $fp\sim_{\epsilon}f$
. $\epsilon$ $f$ : $(A, p)arrow(B, q)$ $\epsilon$ , $gf\sim 2\epsilon p,$ $fg\sim 2\epsilon q$ $\epsilon$




. , $p$ : $Aarrow A$ $\epsilon$ $p$ : $(A, p)arrow(A, p)$ $\epsilon$
. ,
. ( . ) $\epsilon$ $p^{2}\sim 2\epsilon P$




2.2. $\delta$ (resp. ) $f$ : $(A, p)arrow(B, q)$ $\epsilon$ (resp. ) $g$ : $(B, q)arrow(C, r)$
$gf$ : $(A, p)arrow(C, r)$ $\delta+\epsilon$ (resp. ) .
: $gf$ $\delta+\epsilon$ . ,
$r(gf)=(rg)f\sim\delta+\epsilon gf$, $(gf)p=g(fp)\sim s+\epsilon gf$ .
$gf$ $\delta+\epsilon$ . $f$ $\delta$ $f^{-1}$ , $g$
$\epsilon$ $g^{-1}$ ,
$(f^{-1}g^{-1})(gf)\sim 2\delta+2\epsilon f^{-1}qf\sim 2\delta f^{-1}f\sim 2\delta p)$
13
$(gf)(f^{-1}g^{-1})\sim 2\delta+2\epsilon r$ , $gf$ $\delta+\epsilon$ .
. $M$ $(C, p)$ 3 , $px$ $\epsilon$
:
1. $(C_{f}, p_{r})$ $\epsilon$ ,
2. $d_{r}$ : $(C_{r}, p_{f})arrow(C_{r-1}, p_{r-1})$ $\epsilon$ ,
3. $r$ $d_{r}d_{r+\perp}\sim 2\epsilon 0$ .
$\epsilon$ $\epsilon$ .
. (1) A $f$ : $(C, p)arrow(D, q)$ $\epsilon$ , $f_{f}$ : $(C_{r}, p_{r})arrow$
$(D_{r}, q_{f})$ $\epsilon$ , $d_{r}f_{r}\sim_{\epsilon}f_{r-1}d_{r}$ .
(2) $f,$ $g$ : $(C, p)arrow(D, q)$ $h$ : $f\simeq g$ $\epsilon$
$(h : f\simeq\epsilon g)$ , $\epsilon$ , $d_{r+1}h_{f}+h_{r-1}d_{r}\sim 2\epsilon g_{r}-f_{r}$
.
(3) $f$ : $(C, p)arrow(D, q)$ $\epsilon$ , $gf\simeq\epsilon p,$ $fg\simeq\epsilon q$
$\epsilon$ $g$ : $(D, q)arrow(C, p)$ ( $\epsilon$ ) .
(4) $(C, p),$ $(D, q)$ $\epsilon$ $((C, p)\simeq\epsilon(D, q))$ ,
$\epsilon$ .
(5) $(C, p)$ $\epsilon$ , $\epsilon$
. , $\epsilon$ $h$ : $0\simeq\epsilon p$ : $(C, p)arrow(C, p)$ $\epsilon$ .
(6) $\epsilon$ $f$ : $(C, p)arrow(D, q)$ $\epsilon$ $((C, p)\cong_{\epsilon}(D, q))$ ,
$gf\sim 2\epsilon p$ $fg\sim 2\epsilon q$ $\epsilon$ $g$ : $(D, q)arrow(C, p)(\epsilon$
) . $f_{r}$ $\epsilon$ .
, .
14
(1) $fd$ $\epsilon$ , (2) $dh,$ $hd,$ $g,$ $f$
$2\epsilon$ . , $\epsilon$ $\epsilon$
. $0$
. $\epsilon$ $(C, p)$ $p=\{p_{r}\}$ $\epsilon$ .
23. (1) $\epsilon$ $f$ : $(C, p)arrow(D, q)$ $\epsilon’$ $f’$ : $(D, q)arrow(E, r)$ $f’f$
$\epsilon+\epsilon’$ .
(2) $\epsilon$ $f$ : $(C, p)arrow(D, q)$ $\epsilon’$ $f’$ : $(D, q)arrow(E, r)$ $f’f$ $\epsilon+\epsilon’$
.
(3) $\epsilon$ $f$ : $(C, p)arrow(D, q)$ $\epsilon’$ $f’$ : $(D, q)arrow(E, r)$ $f’f$
$\epsilon+\epsilon’$ .
:(1) (2) . (3) : $\epsilon$ $h$ : $gf\simeq p,$ $k$ : $fg\simeq q$








24. $f$ : $(C, p)arrow(D, q)$ $\epsilon$ . $C(f)$ $\epsilon$ , $f$ $2\epsilon$
. $f$ $\epsilon$ , $C(f)$ $3\epsilon$ .
15
: $\epsilon$ , $\Gamma$ : $0\simeq\epsilon q\oplus p$ : $C(f)arrow C(f)$ , $\epsilon$ $g,$ $h,$ $k$
:
$\Gamma=(\begin{array}{ll}k ?(-)^{r}g h\end{array})$ . $C(f)_{f}=(D_{r}, q_{r})\oplus(C_{r-1}, p_{r-1})$
$arrow C(f)_{r+1}=(D_{r+1}, q_{r+1})\oplus(C_{r}, p_{r})$ .
$g$ : $(D, q)arrow(C, p)f$ . $\epsilon$
$h$ : $gf\simeq\epsilon p$ : $(C, p)arrow(C, p),$ $k$ : $fg\simeq\epsilon q$ : $(D, q)arrow(D, q)$ . $g$
$\epsilon$ , $dg\sim 2\epsilon gd$ , $g$ $2\epsilon$ $f$
$2\epsilon$ .
$f$ $\epsilon$ , $g$ : $(D, q)arrow(C, p)$ $\epsilon$ ,
$h$ : $gf\simeq_{\epsilon}p$ : $(C, p)$ \rightarrow (C, $p$ )
$k$ : $fg\simeq_{\epsilon}q$ : $(D, q)$ \rightarrow (D, q)
$\epsilon$ . $C(f)$ $3\epsilon$ :
$\Gamma=(\begin{array}{ll}k+(fh-kf)g (-)^{r}(fh-kf)h(-)^{r}g h\end{array})$




$A$ $n\geq 0$ , $n$ $A$
Grothendieck , $A$ $\tilde{K}_{0}(A, n)$






, $[P]=0$ $P$ $A$
. :
$\tilde{K}_{0}(A, n)$ – $arrow K_{0}(A)$ ; $[P]$ \rightarrow [P].
finitely dominated $M$ $\overline{M}$
$Z[\pi_{1}(M)]$ $C(\overline{M})$ .
$[M]=[C(\overline{M})]\in\tilde{K}_{0}(Z[\pi_{1}(M)])$
Wall [23] finiteness obstruction ; $[M]=0$ $M$
$CW$ .
. .
. $PX$ $(C, p),$ $(C’, p’)$ , $(C, p)\oplus(E, 1)$ $(C’)p’)\oplus$
$(E’, 1)$ $\epsilon$ $p_{X}$ $n$ $\epsilon$ $(E, 1),$ $(E’, 1)$
, $(C, p)$ $(C’, p’)$ $n$ $\epsilon$ .
$\epsilon>0$ , $n$ $\epsilon$ . $(C, p),$ $(C’, p’)$ $n$
$\epsilon$ $(C’, p’),$ $(C”, p”)$ $n$ $\epsilon$ , $(C, p)$ $(C”, p”)$
$n$
$2\epsilon$ .
. $PX$ $n$ $\epsilon$ , $n$ $\epsilon$
$[C, p]$ $\tilde{K}_{0}(X, p_{X}, n, \epsilon)$ . $\tilde{K}_{0}(X, p_{X}, 0, \epsilon)$
$0$ $\tilde{K}_{0}(X, px, \epsilon)$ .
17
3.1. $\tilde{K}_{0}(X, p_{X}, n, \epsilon)$ . , $[C, p]=$
$[C’, p’]\in\tilde{K}_{0}(X, p_{X}, n, \epsilon)$ , $p_{X}$ $n$ $\epsilon$ $(E, 1),$ $(F, 1)$
$3\epsilon$
$(C, p)\oplus(E, 1)arrow(C’, p’)\oplus(F, 1)$
. , $(C, p)$ $(C’, p’)$ $n$ $3\epsilon$ .
: . , $(A, p)$ $\epsilon$ , $(A, 1-p)$
$\epsilon$ , $(A, p)\oplus(A, 1-p)$ $(A, 1)$ $\epsilon$ ;
$(p, 1-p)$ : $(A, p)\oplus(A, 1-p)arrow(A, 1)$ $\epsilon$ , t $(p, 1-p)$ : $(A, 1)arrow$
$(A, p)\oplus(A, 1-p)$ $\epsilon$ . $\{(C, p), d_{C}\}$ $n$ $\epsilon$
. $n$ $\epsilon$ :
$0$ $0$
$\{(C, 1-p), 0\}$ :. . . $arrow 0arrow(C_{n}, 1-p_{n})arrow\ldotsarrow(C_{0},1-p_{0})arrow 0$
$\{(C, p), d_{C}\}\oplus\{(C, 1-p))0\}$ $\epsilon$ :
$\{(C, 1), d_{C}\}$ :. . . $arrow 0arrow(C_{n}, 1)arrow^{d_{C}}$ . . . $arrow^{d_{C}}(C_{0},1)arrow 0$
$\epsilon$ . $[(C, 1-p), 0]$ $[(C, p), d_{C}]$ .
$[(C, p), d]=[(C’, p’), d’]$ . Chapman [6, (3.5)]
. (Chapman
. ) , $n$ $\epsilon$
$\{(C, p), d\}=\{(C^{(1)}, p^{(1)}), d\},$
)
$\{(C^{(m)}, p^{(m)}))d\}=\{(C’, p’), d’\}$ $px$ $n$
$\epsilon$ $\{(E^{(k)}, 1), d\},$ $\{(F^{(k)}, 1), d\}$
$\{(C^{(k)}, p^{(k)}), d\}\oplus\{(E^{(k)}, 1), d\}\simeq_{\epsilon}\{(C^{(k+1)}, p^{(k+1)}), d\}\oplus\{(F^{(k)}, 1), d\}$
18
. $3\epsilon$ :
$\{(C, p), d\}\oplus\sum_{k=1}^{m-1}\{(E^{(k)}, 1), d\}\oplus\sum_{k=1}^{m}\{(C^{(k)}, 1), d\}$
$\cong_{\epsilon}\{(C, p), d\}\oplus\sum_{k=1}^{m-1}\{(E^{(k)}, 1), d\}\oplus\sum_{k=1}^{m}(\{(C^{(k)}, 1-p^{(k)}), 0\}\oplus\{(C^{(k)}, p^{(k)}), d\})$
$= \{(C, p), d\}\oplus\{(C^{(1)}, 1-p^{(1)}), 0\}\oplus\sum_{k=1}^{m-1}(\{(C^{(k)}, p^{(k)}), d\}\oplus\{(E^{(k)}, 1), d\})$
‘
$\oplus\sum_{k=2}^{m}\{(C^{(k)}, 1-p^{(k)}), 0\}\oplus\{(C^{(m)}, p^{(m)}), d\}$
$\simeq_{\epsilon}\{(C,p), d\}\oplus\{(C^{(1)}, 1-p^{(1)}), 0\}\oplus\sum_{k=1}^{m-1}(\{(C^{(k+1)},p^{(k+1)}), d\}\oplus\{(F^{(k)}, 1), d\})$
$\oplus\sum_{k=2}^{m})$
$= \sum_{k=1}^{m}(\{(C^{(k)}, p^{(k)}), d\}\oplus\{(C^{(k)}, 1-p^{(k)}), 0\}))$
$\cong_{\epsilon}\{(C’, p’), d’\}\oplus\sum_{k=1}^{m}\{(C^{(k)}, 1), d\}\oplus\sum_{k=1}^{m-1}\{(F^{(k)}, 1), d\}$ . $\square$
. , $[C, p]\in\tilde{K}_{0}(X, p_{X}, n, \epsilon)$
$(C_{i}, p_{i})$ , .
, $\tilde{K}_{0}$ .
$PX$ : $Marrow X,$ $PX’$ : $M’arrow X’$ . $px$ $p_{X’}$ ,
$px’\varphi=\overline{\varphi}px$ $\varphi$ : $Marrow M’,\overline{\varphi}$ : $Xarrow X’$ $(\varphi,\overline{\varphi})$
. , $\overline{\varphi}$ $\varphi$ . $\delta,$ $\epsilon$ , $n$
. $\overline{\varphi}$ :
$C(\delta, \epsilon, n)$ : $d(x, y)\leq n\delta$ , $d(\overline{\varphi}(x),\overline{\varphi}(y))\leq n\epsilon$, $(x, y\in X)$ .
$\overline{\varphi}$ $C(\delta, \epsilon, 1)$ $C(\delta, \epsilon, 2)$ , $\varphi\#$
: $(C, p)$ $PX$ $\delta$ $\varphi\#(C, p)=(\varphi_{\#}C, \varphi\# p)$ $p_{X’}$ $\epsilon$
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, $PX$ $\delta$ $(C, p),$ $(C’, p’)$ $n$ $\delta$
, $\varphi\#(C, p)$ $\varphi\#(C’, p’)$ $n$ $\epsilon$ . $\varphi$
$\varphi_{*}$ : $\tilde{K}_{0}(X, px, n, \delta)arrow I^{\sim}\zeta_{0}(X’, p_{X’}, n, \epsilon)$ . $(\varphi 0\psi)_{*}=\varphi_{*}0\psi_{*}$
. $X$ , $\epsilon>0$ 2
$\delta>0$ .
$n>0$ . $\tilde{K}_{0}(X, p_{X}, n, \epsilon)$ $\tilde{K}_{0}(X, p_{X}, \epsilon)$ .
$\iota$ : $\tilde{K}_{0}(X, p_{X}, \epsilon)$ $—arrow K_{0}(X, p_{X}, n, \epsilon)$
, $0$ $n$ .
. (3.3)
32. $n$ $\epsilon$ (C, $p$ ) $n$ $\epsilon$ $(D, q)$
$\epsilon$ : $r>0$ $q_{r}=1$ : $D_{r}arrow D_{r}$ , $r=0$ (Do, $q_{0}$ ) $=$
$(\oplus_{r:even}(C_{f}, p_{f}))\oplus(\oplus_{r:odd(C_{r},1-p_{f}))}$ .
: $r>0$ $(D_{r}, q_{r})=\oplus_{\{\geq r}(C;, 1)$ , $r=0$ (Do, $qo$ )
. $d_{D}$ :
$(d_{D})_{r}=$ $(\begin{array}{llllll}d 0 0 0\vdots \cdots 1-p_{r} 0 0 0 \vdots \vdots 0 p_{r+1} 0 0 \vdots \vdots 0 0 1-p_{r+2} 0 \vdots \vdots 0 0 0 p_{r+3} \vdots \vdots| | | | \vdots \vdots\end{array})$ : $(C_{r}, 1)\oplus\cdots\oplus(C_{n}, 1)$
$arrow\{\begin{array}{l}(C_{r-1},1)\oplus(C_{r},1)\oplus\cdots\oplus(C_{n},1),(r>1)(C_{0},p_{0})\oplus(C_{1},1-p_{1})\oplus\cdots\oplus(C_{n},(1-)p_{n}),(r=1)\end{array}$
$(D, q)=\{(D_{r}, q_{r}), d_{D}\}$ $n$ $\epsilon$ . $\epsilon$
$\epsilon$ $\epsilon$ :
$\tilde{p}_{r}=$ ${}^{t}(p_{r}$ $0$ . . . $0)$ : $(C_{f}, p_{r})arrow(D_{f}, q_{r})$
$\hat{p}_{r}=$ $(p_{r}$ $0$ . . . $0)$ : $(D_{r}, q_{r})arrow(C_{r}, p_{r})$ .
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3.3. $\iota$ : $\tilde{K}_{0}(X, px, \epsilon)arrow\tilde{K}_{0}(X, px, n, \epsilon)$ .
: $[C, p]\in\overline{K}_{0}(X, px, n, \epsilon)$ $(D, q)$ 32 . $(C, p)$
$0$
. . . $arrow 0arrow 0arrow(D_{0},1)arrow 0arrow\cdots$
$0$ $\epsilon$
. . . $arrow 0arrow 0arrow(D_{0}, q_{0})arrow 0arrow\cdots$
$n$ $\epsilon$
. . . $arrow(D_{2},1)arrow^{d_{D}}(D_{1},1)arrow^{d_{D}}(D_{0},1)arrow 0arrow\cdots$
$\epsilon$ . $\epsilon$ :
$\tilde{p}_{f}$ : $(C_{r}, p_{r})arrow(D_{f}, 1)$ $(r>0)$ ,
$(\begin{array}{lll}0 q_{0} \tilde{p}_{0} 1- q_{0}\end{array})$ : $(C_{0}, p_{0})\oplus(D_{0},1)arrow(D_{0}, q_{0})\oplus(D_{0},1)$ $(r=0)$ .
34. $(C, p)arrow(D_{0}, q_{0})$
$\sigma$ : $\tilde{K}_{0}(X,p_{X}, n, \epsilon)arrow\tilde{K}_{0}(X, p_{X}, 9\epsilon)$
.
: $(C, p)$ $0$ $\epsilon$ . $\Gamma$ $(C, p)$ $\epsilon$
. 3 $\epsilon$ $\Gamma’$ . $\Gamma’=\Gamma d\Gamma$ .
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, $(\Gamma’)^{2}\sim 6\epsilon 0$ . (Cf. J. H. C. Whitehead $[25,(6.2)].$ )
$d+\Gamma’$ : $\bigoplus_{r:even}(C_{r}, p_{r})arrow\bigoplus_{r:odd}(C_{r}, p_{r})$
$d+\Gamma’$ . $\bigoplus_{r:odd}(C_{r}, p_{r})arrow\bigoplus_{r:even}(C_{r},p_{r})$
$3\epsilon$ . $\oplus_{r:odd}(C_{r}, p_{r})$
$\oplus_{r:even}(C_{r}, p_{r})$ $\tilde{K}_{0}(X,$ $px,$ $3\ovalbox{\tt\small REJECT}$ , [Do, $qo$ ] $=0\in\tilde{K}_{0}(X, px, 3\epsilon)$
.
$f$ : $(C, p)arrow(C’, p’)$ $\epsilon$ . 2.4 $C(f)$ 3 $\epsilon$
. $\sum_{r}(-1)^{r}[C(f)_{r}, p_{r}’\oplus p_{\tau-1}]=0\in\tilde{K}_{0}(X, px, 9\epsilon)$




$\tilde{K}_{0}(X,p_{X}, \epsilon)\underline{\iota}\tilde{K}_{0}(X,p_{X}, n, \epsilon)$ $\tilde{K}_{0}(X,px, 9\epsilon)\underline{\sigma}\tilde{K}_{0}(X, p_{X}, n, \epsilon)$
$\downarrow$ $\Vert$ $\Vert$ $\downarrow$
$\tilde{K}_{0}(X,p_{X}, 9\epsilon)\overline{\sigma}\tilde{K}_{0}(X, p_{X}, n, \epsilon)$ $\tilde{K}_{0}(X,p_{X}, 9\epsilon)\overline{\iota}\tilde{K}_{0}(X, p_{X}, n, 9\epsilon)$
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3.5. $n>0$ . $[C, p]=0\in\tilde{K}_{0}(X, px, n, \epsilon)$ (C, $p$ ) $px$ $n$
$30\epsilon$ $60\epsilon$ .
: $(D, q)$ $3.2$ . [Do, $q_{0}$ ] $=0\in\tilde{K}_{0}(X, p_{X}, 9\epsilon)$
. 2.1 $(F, 1)$ , $(D_{0}, q_{0})\oplus(F, 1)$ $(G, 1)$ $27\epsilon$
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. $(C, p)$ $(D, q)$ 1
1. . . $arrow 0arrow(F, 1)arrow(F, 1)arrow 0arrow\cdots$
$2\epsilon$ . $28\epsilon$ $55\epsilon$ .
$\epsilon>0$ , :
$\tilde{K}_{0}(X, p_{X}, n, \epsilon)$ $–arrow K_{0}(\{*\}, Marrow\{*\}, n, \epsilon)$ .
$\tilde{K}_{0}(\{*\}, Marrow\{*\}, n, \epsilon)$
$\epsilon$ . $M$ 1-
. Quinn [17] , $M$ $\overline{M}$
$Z[S]-\rangle Z[\tilde{S}]$ , $M$
$Z[\pi_{1}(M)]$ .
$\tilde{K}_{0}(\{*\}, Marrow\{*\}, n, \epsilon)$ $\tilde{K}_{0}(Z[\pi_{1}(M)])$ ,
:
$\tilde{K}_{0}(X, p_{X}, n, \epsilon)arrow\tilde{K}_{0}(\{*\}, Marrow\{*\}, n, \epsilon)$ $\cong$ $\tilde{K}_{0}(Z[\pi_{1}(M)])$ .
4. lk $n$ (Torsion).
,
.
$\pi$ $n\geq 1$ , $n$
$Z[\pi]$ Grothendieck
$Wh(\pi, n)$ . $n=1$ , $\Pi$ (
$Z[\pi]$ Grothendieck ) :
$Wh(\pi, 1)=Wh(\pi)$ .
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$Z[\pi]$ $C$ $\Gamma$ : $0\simeq$
1: $Carrow C$
$\tau(C)=\tau(d+\Gamma : C_{odd}arrow C_{even})\in Wh(\pi)$
. :
$Wh(\pi, n)arrow Wh(\pi)$ ; $[C]$ $—arrow\tau(C)$ .
CW $f$ : $Larrow M$
$\tau(f)=\tau(\tilde{f} : C(\tilde{L})arrow C(\overline{M}))\in Wh(\pi_{1}(M))$
: $f$ $(\tau(f)=0)$ $f$ (elementary expansions
collapse ) .




$X$ $PX$ : $Marrow X$ $n\geq 1$ .
$Y\subseteq X$ $\epsilon>0$ , $Wh(X, Y, p_{X}, n, \epsilon)$







. $f$ : $Z[S]arrow Z[S]$ , $Z[S]$ $Z[A]$ ,
$Z[B]$ , $f$
$f=(\begin{array}{ll}1 h0 1\end{array}):Z[A]\oplus Z[B]arrow Z[A]\oplus Z[B]$
. $f$ . $f^{-1}=(\begin{array}{ll}1 -h0 1\end{array})$
.
$f$ : $Z[S]arrow Z[S’]$
, $\varphi$ : $Sarrow S’$ : $f$
$s’=\varphi(s)$ $s\in S$ $s’\in S’$ , $s\in S$
1 $s$ $\varphi(s)$ $\pm 1$ . $f^{-1}$
.
$f_{1}$ $f_{2}$ $f_{m}$
$D$ : $Z[S_{1}]arrow Z[S_{2}]arrow\ldotsarrow Z[S_{m+1}]$
. $f_{j}f_{j-1}\cdots fi,$ $f_{i}^{-1}f_{i+1}^{-1}\cdots f_{j^{-1}}$ $\epsilon$
, $D$ $\epsilon$ . $D$ $\epsilon$ , $\epsilon$
$f=f_{m}f_{m-1}\cdots fi$ \epsilon . $f^{-1}=f_{1}^{-1}f_{2}^{-1}\cdots f_{m}^{-1}$ $f$ $\epsilon$
. $\epsilon$ $\delta$ $(\epsilon+\delta)$ .
. :
1
. . . $arrow 0arrow 0arrow Aarrow Aarrow 0arrow 0arrow\ldots$
. $T$ ,
. $\epsilon$ $f=\{f_{r}\}$ : $Carrow D$
, $f_{f}$ $\epsilon$ , $f^{-1}=\{f_{r}^{-1}\}$ $\epsilon$ \epsilon
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. $C$ $D$ $\epsilon$ , $C\cong\epsilon,\Sigma D$
. $\epsilon$ $\delta$ $(\epsilon+\delta)$ . $n$
. $C,$ $C’$ $n$ \epsilon , $n$
$T,$ $T’$ , $C\oplus T$ $C’\oplus T’$ $\epsilon$ .
$W$ $X$ . $pw$ : $p_{X}^{-1}(W)arrow W$ $PX$
. $PX$ $A=Z[S]$ $W$ $S$
$(|s|)[s])$ $[s]\in p_{X}^{-1}(W)$ $PW$
. $A(W)$ ;
$A(W)=Z[S|S^{-1}p_{X}^{-1}(W) : S^{-1}p_{X}^{-1}(W)arrow p_{X}^{-1}(W)]$ .
$f= \sum m_{\lambda}(s_{\lambda}, \rho_{\lambda}, t_{\lambda})$ : $Aarrow B$ $W$ :
$f|W= \sum_{[s_{\lambda}]\in p_{X}^{-1}(W)}m_{\lambda}(s_{\lambda}, \rho_{\lambda}, t_{\lambda})$
: $Aarrow B$ .
$f$ $\epsilon$ $f|W$ $f|W$ : $A(W)arrow B(W^{\epsilon})$ . $fg$ : $Aarrow B$
. $f|W=g|W$ $W$ $f$ $g$
,
($f=g$ (over $W$ ) . $f|W\sim_{\epsilon}g|W$ $W$ $f$ $g$
, “ $f\sim_{\epsilon}g$ (over $W$ ) .
:
$f=$ $(\begin{array}{ll}1 h0 1\end{array})$ : $Z[A]\oplus Z[B]arrow Z[A]\oplus Z[B]$ .
$h$ $h|(X-W)$ $f_{[W]}$ .
$X-W$ $f$ $W$ . $f_{[W]}$ $f$ $W$
. $(f_{[W]})^{-1}=(f^{-1})_{[W]}$ .
$D=(f1, f_{2)}\ldots, f_{m})$ , $W$ $(f_{1}’, f_{2}’, \ldots, f_{m}’)$ .
26
$f_{j}$ $f_{i’}=(f_{j})_{[W]}$ , $f_{j}$
$f_{j’}=f_{j}$ . $f_{m}’$ $f_{1}’$ $f=f_{m}\cdots f1$
$W$ , $f_{[W]}$ . $f$ $\epsilon$ $f_{[W]}$ $\epsilon$
, $X-W^{\epsilon}$ $f$ , $W^{-\epsilon}$ .
. (1) $f,$ $g$ : $Carrow D$ $px$ . $\epsilon$
$h=\{h_{r}\}$ $f$ $g$ $W$ $\epsilon$ , $h$ : $f\simeq wg$ ,
$dh$ $hd$ $2\epsilon$ , $W$ $dh+hd\sim 2\epsilon g-f$
.
(2) $\epsilon$ $f$ : $Carrow D$ $\epsilon W$ $\epsilon$ $g$ : $Darrow C$
$W$ $\epsilon$ :$gf\simeq wp,$ $fg\simeq wq$ .
(3) $W$ $\epsilon$ $h$ : $0\simeq w1$ : $Carrow C$ $W$ $\epsilon$ ,
$C$ $W$ $\epsilon$ .
(4) $C$ $W$ $\epsilon$ $\Gamma$ , $C$ $W$ $\epsilon$ $:\Gamma_{r+1}\Gamma_{f}\sim 2\epsilon 0$
( $W$ ) . $\Gamma$ , $C$ $W$
$\epsilon$ . $W=X$ , $\epsilon$ . ( : $\Gamma$ $W$
$\epsilon$ , $\Gamma’=\Gamma d\Gamma$ $W^{-3\epsilon}$ 3 $\epsilon$ . 3.4
. )
$C,$ $C’$ $(n, W)$ $\epsilon$ , $p_{X-W}$ $n$ $\epsilon$
$D,$ $D’$ $C\oplus D$ $C’\oplus D’$ $n$ $\epsilon$
. $C_{\epsilon}^{\underline{n,}W}C’$ . $(n, X)$ $\epsilon$ $n$ $\epsilon$
. $C_{\epsilon}^{\underline{n,}W}C’$ $C^{\prime^{\underline{m}_{\delta}V}}C’’$ $C \max\{\underline{n,m}\},W\cap V\max\{\epsilon,\delta\}C’’$ .
. $Y$ $X$ . $Wh(X, Y, p_{X}, n, \epsilon)$ $X-Y$ $\epsilon$ $n$
$\epsilon$ . $(n, X-Y^{20\epsilon})$
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$40\epsilon$ . $Y$ $Y$
. $n=1$ $n$ . : $Wh(X, px, n, \epsilon)=Wh(X, \emptyset, px, n, \epsilon)$ ,
$Wh(X, Y, px, \epsilon)=Wh(X, Y, px, 1, \epsilon)$ , .
$M$ 1 :
$Wh(X, p_{X}, n, \epsilon)arrow Wh(\pi_{1}(M))$ .
$\epsilon$
$\delta$ , $\delta$ $f$ : $Larrow M$ $\epsilon$ $\tau(f)$
$Wh(X, p_{X}, n, \epsilon)$ ,
$\tau(f)\in Wh(\pi_{1}(M))$ . $-$ \S 9 .
41. $Wh(X, Y, p_{X}, n, \epsilon)$ . , $[C]=[C’]\in$
$Wh(X, Y)p_{X)}n,$ $\epsilon$ ) $C$ $C’$ ( $n,$ $X-Y^{20}$ $86\epsilon$ .
. $\dim C<n$ ,
$C$ $\Sigma C$ ( $C$ $X-Y$
) $[C]$ .
4.2. $C=\{C_{f}, d_{r}\}$ (resp. $C’=\{C_{r}’,$ $d_{r}’$ }) $p_{X}$ $m$ (resp. $m’$ ) $\epsilon$
(resp. $\epsilon’$ ) . $Y$ $X$ .
1. $C$ $X-Y^{\epsilon}$ $\epsilon$ \Gamma
2. $C_{r}(X-Y)=C_{r}’(X-Y)$ ( r)
3. $d_{r}|X-Y^{\epsilon}=d_{f}’|X-Y^{\epsilon}$ : $C_{f}(X-Y^{\epsilon})arrow C_{r-1}(X-Y)$ ( $r$ ).
$\gamma=\max\{\epsilon, \epsilon’\},$ $n= \max\{m+1, m’\}$ . $C’\oplus\Sigma C$ $p_{Y^{11\epsilon+2\gamma}}$ $n$
$4\epsilon+\gamma$ $p_{X}$ $n$ $(6\epsilon+\gamma)$
. $C’\oplus\Sigma C$ $0$ $(n, X-Y^{11\epsilon+2\gamma})$ $6\epsilon+\gamma$ .
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$f_{r}=$ $(\begin{array}{ll}(-)^{r}1 00 1\end{array})(\begin{array}{llll} 1 0(-) -1\hat{d} 1\end{array})(\begin{array}{ll}1 (-)^{r}\hat{\Gamma}0 1\end{array})$ $=$ $(\begin{array}{llll}(-)^{r}1 \wedge\Gamma (-)^{r-1}\hat{d} -\hat{d} \wedge\Gamma +1\end{array})$
: $(C’\oplus\Sigma C)_{r}=C_{r}’\oplus C_{r-1}arrow C_{r}’\oplus C_{r-1}$ ,
$f_{r}^{-1}=(\begin{array}{ll}1 (-)^{r+1}\Gamma\wedge 0 1\end{array})(\begin{array}{ll}1 0(-)^{r}\hat{d} 1\end{array})(\begin{array}{ll}(-)^{r}1 00 1\end{array})=(\begin{array}{lll}(-)^{r}(1- \wedge\Gamma\hat{d}) (-)^{r+1}\Gamma\wedge\hat{d} 1\end{array})$
: $C_{f}’\oplus C_{r-1}$ - \rightarrow $(C’\oplus\Sigma C)_{f}=C_{f}’\oplus C_{r-1}$ .
$\overline{C}=\{\overline{C}_{r},\overline{d}_{r}\}$
$\overline{C}_{r}=C_{r}’\oplus C_{r-1}$ ,
$\overline{d}_{r}=f_{r-1}(d_{r}’\oplus d_{r-1})f_{f}^{-1}=(\begin{array}{ll}-d’+(d’\Gamma+\Gamma d)\hat{d} d’\hat{\Gamma}+\hat{\Gamma}d\hat{d}d’+d\hat{d}-\hat{d}(d’\hat{\Gamma}+\hat{\Gamma}d)\hat{d} d-\hat{d}(d’\hat{\Gamma}+\hat{\Gamma}d)\end{array})\wedge$
. , $\overline{d}_{r}\overline{d}_{r+1}\sim s_{\epsilon+2\gamma}0,\overline{d}_{f}f_{f}\sim 6\epsilon+\gamma f_{r-1}(d_{r}’\oplus d_{r-1})$ . $X-Y^{2\epsilon}$
$d’\hat{\Gamma}+\Gamma d\sim\wedge 2\epsilon 1$
$\overline{d}_{r}\sim 4\epsilon(\begin{array}{ll}0 10 0\end{array})$ over $X-Y^{3\epsilon}$










. $\overline{C}(X-Y^{11\epsilon+2\gamma})$ , $\tilde{C}(Y^{11\epsilon+2\gamma})$ $p_{Y^{11\epsilon+2\gamma}}$
$4\epsilon+\gamma$
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$n>1$ $n$ . [26]
.
4.3. $Y$ $X$ , $C$ $p_{X}$ $n$ $\epsilon$ $(n>1)$ $X-Y$
$\epsilon$
$\Gamma$ . $C$ $(n-1)$ $\epsilon$ :
$(\begin{array}{l}d\Gamma\end{array})$
$(d0)$
$\{\hat{C},\hat{d}\}$ : . . . $arrow 0arrow C_{n-1}$ – $arrow C_{n-2}\oplus C_{n}arrow C_{n-3}arrow d$ . . . $arrow dC_{0}arrow 0$
$(n, X-Y^{17\epsilon})$ $16\epsilon$ . $\{\hat{C},\hat{d}\}$ $X-Y$ $\epsilon$ .
: $i,$ $j$ $C_{n}(Y),$ $C_{n}(X-Y)$ $C_{n}$ , $r,$ $q$ $C_{n}$ $C_{n}(Y)$ ,
$C_{n}(X-Y)$ . : $\Gamma dj\sim 2\epsilon j$ : $C_{n}(X-Y)arrow C_{n}$
. $3\epsilon$ $C’$ :
$(_{q^{d}\Gamma})$
$(d0)$$\Delta$ $d$ $d$
. . . $arrow 0arrow C_{n}(Y)arrow C_{n-1}arrow C_{n-2}\oplus C_{n}(X-Y)arrow C_{n-3}arrow\ldotsarrow C_{0}arrow 0$ .
$\Delta=d_{n}i-d_{n}jq\Gamma d_{n}i$ .









$f_{n}=$ $(\begin{array}{ll}1 0q\Gamma di 1\end{array})$ : $C_{n}=C_{n}(Y)\oplus C_{n}(X-Y)arrow C_{n}(Y)\oplus C_{n}(X-Y)$
$f_{n-1}=$ $(\begin{array}{ll}1 -dj0 1\end{array})(\begin{array}{ll}1 0q\Gamma 1\end{array})$ : $C_{n-1}\oplus C_{n}(X-Y)arrow C_{n-1}\oplus C_{n}(X-Y)$
$f_{n-2}=$ $(\begin{array}{ll}1 00 -1\end{array})$ : $C_{n-2}\oplus C_{n}(X-Y)arrow C_{n-2}\oplus C_{n}(X-Y)$ .
:
1. $\hat{C}$ $X-Y$ $\epsilon$ $\hat{\Gamma}$ :
$\hat{\Gamma}_{n-2}=$ ( $\Gamma_{n-2}$ d) $\hat{\Gamma}_{n-3}=$ $(\begin{array}{l}\Gamma_{n-3}0\end{array})$ $\hat{\Gamma}_{r}=\Gamma_{r}$ $(r<n-3)$
2. $\hat{C}_{f}(X-Y)=C_{f}’(X-Y)$ ( $r$ )
3. $\hat{d}_{r}|X-Y^{\epsilon}=d_{r}’|X-Y^{\epsilon}$ : $C_{r}(X-Y^{\epsilon})arrow C_{r}(X-Y)$ ( $r$ )
4.2 , $C’\oplus\Sigma\hat{C}$ $0$ $(n, X-Y^{17\epsilon})$ $9\epsilon$ .
$\hat{C}\oplus\Sigma\hat{C}$ 4.2 $0$ $(n, X-Y^{13\epsilon})$ $7\epsilon$ .
$C$ $\hat{C}$ $(n, X-Y^{17\epsilon})$ $16\epsilon$ :
$C$ $\frac{n,X}{7}-Y^{13\epsilon}C’\oplus\Sigma\hat{C}\oplus\hat{C}\epsilon$ $\frac{n,X}{9}-Y^{17\epsilon}\hat{C}\epsilon$ $\square$
4.4. $n>1$ . $[\Sigma\hat{C}]$ $[C]$ $Wh(X, Y, p_{X}, n, \epsilon)$
. $C\oplus\Sigma\hat{C}$ $0$ $(n, X-Y^{17\epsilon})$ $23\epsilon$ .
. $C\oplus\Sigma\hat{C}$ $n_{\frac{X-}{1}}Y^{17e_{\hat{C}}}6\epsilon\oplus\Sigma\hat{C}$ $n_{\frac{X-}{7}0}$ . $\square$
$n=1$ $(C_{1}’=C_{0}, C_{0}’=C_{1}, d’=\Gamma)$
.
$d$ $d’$
$4.2’$ . $C$ : $0arrow C_{1}arrow C_{0}arrow 0$ 1 $\epsilon$ , $C’$ : $0arrow C_{1}’arrow C_{0}’arrow 0$ 1
$\epsilon’$ . :
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1. $C$ $X-Y^{\epsilon}$ $\epsilon$ $\Gamma$
2. $C_{1}’(X-Y)=C_{0}(X-Y))$ $C_{0}’(X-Y)=C_{1}(X-Y)$
3. $d’|X-Y^{\epsilon}\sim_{\epsilon}\Gamma|X-Y^{\epsilon}$ : C\’i $(X-Y^{\epsilon})arrow C_{0}’(X-l^{\nearrow})$ .
$\gamma=\max\{\epsilon, \epsilon’\}$ . $C\oplus C’$ $p_{Y^{S\epsilon+\gamma}}$ 1 $3\epsilon+\gamma$
$p_{X}$ 1 $(5\epsilon+\gamma)$ .
: $\epsilon$ $\tilde{d}$ : $C_{0}’arrow C_{0},$ $\tilde{\Gamma}$ : $C_{1}’arrow C_{1},$ $\hat{\Gamma}$ : $C_{0}arrow C_{0}’$ $X-Y^{\epsilon}$ $d,$ $\Gamma,$ $\Gamma$ ,
$Y^{\epsilon}$ $0,0,0$ . 1 $3\epsilon+\gamma$ $E$ :
$E_{1}=C_{1}’\oplus C_{1}$ , $E_{0}=C_{0}\oplus C_{0}’$
$d_{E}=\{_{1}(\begin{array}{llll}d\tilde{\Gamma}-\tilde{d} \wedge\sim\Gamma d\Gamma+\tilde{d}d’ d-\tilde{d} \hat{\Gamma}d\wedge\sim\Gamma d\Gamma-d’ \hat{\Gamma}d \end{array})$
$overY^{2\epsilon}overX-Y^{2\epsilon}$
.
$\epsilon$ $f\iota$ : $c_{\iota}\oplus C_{1}’arrow E_{1}$ $2\epsilon$ $fo$ : $C0\oplus C_{0}’arrow E_{0}$
$f_{1}=(\begin{array}{ll}0 11 -\Gamma\sim\end{array})$ , $f_{0}=(\begin{array}{ll}1 -\tilde{d}0 1\end{array})(\begin{array}{ll}1 0\hat{\Gamma} -1\end{array})$
, $d_{E}\sim 3\epsilon+\gamma f_{0}(d\oplus d’)f_{1}^{-1}$ ,
$f=\{f_{r}\}$ : $C\oplus C’arrow E$ $(5\epsilon+\gamma)$ . $E$ $p_{Y^{5\epsilon+\gamma}}$
$3\epsilon+\gamma$ $E(Y^{5\epsilon+\gamma})$ $E(X-Y^{5\epsilon+\gamma})$ .
.
Chapman .
. 4. 1 .
.
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4.5. $[C, d]$ $[C’, d’]$ $Wh(X, Y, px, n, \epsilon)$ . $r$
$C_{f}(X-Y)=C_{r}’(X-Y),$ $d_{r}|X-Y^{\epsilon}=d_{f}’|X-Y^{\epsilon}$ , $[C]=[C’]$ .
: $n>1$ . $\Gamma$ $C$ $X-Y$ $\epsilon$ .
$\Gamma’$ : $C_{r}’arrow C_{r+1}’(r\in Z)$
$\Gamma’=\{\begin{array}{l}\Gamma overX-Y^{\epsilon}0overY^{\epsilon}\end{array}$
. $\Gamma’$ $C’$ $X-Y^{2\epsilon}$ $\epsilon$ . 4.3 $C,$ $\Gamma$













$C$ $C’$ ( $n,$ $X-Y^{19}$ $32\epsilon$ .
$n=1$ ; $\Sigma\hat{C}$ $C$ ( 4.2’)
$px$ : $Marrow X,$ $px’$ : $M’arrow X’$ , $Y,$ $Y’$ $X$ , $X’$
. $\varphi$ : $PXarrow PX’$ $\overline{\varphi}(Y)\subset Y’$ ,
$C(\delta, \epsilon, 1),$ $C(\delta, \epsilon, 2),$ $C(\delta, \epsilon, 20),$ $C(\delta, \epsilon, 40)$ , $\varphi$
$\varphi_{*}$ : $Wh(X, Y)px,$ $\delta$ ) $arrow Wh(X’, Y’, px^{r}, \epsilon)$ . $(\varphi 0\psi)_{*}=\varphi_{*}\circ\psi_{*}$
.
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$n>1$ . $Wh(X, Y, px, \epsilon)$ $Wh(X, Y, px, n, \epsilon)$
. 4.3 :
46. 1 $n$ \iota : $Wh(X, Y, p_{X}, \epsilon)arrow$
$Wh(X, Y, p_{X}, n, \epsilon)$ : $C$ $X-Y$ \epsilon $\Gamma$ $n$ $\epsilon$
, 1 $\epsilon$ :
$C_{\Gamma}$ : $C_{odd}=C_{1}\oplus C_{3}\oplus\ldotsarrow^{d+\Gamma}C_{even}=C_{0}\oplus C_{2}\oplus\ldots$
– $–$ $\epsilon$ $d+\Gamma$ : $C_{even}arrow C$ dd $Wh(X, Y, px, n, \epsilon)$ $C$
.
47. $[C]\mapsto[C_{\Gamma}]$
$\tau$ : $Wh(X, Y, p_{X}, n, \epsilon)arrow Wh(X, Y^{(90n+100)\epsilon}, p_{X}, (90n+250)\epsilon)$
.
: $C$ $[C_{\Gamma}]$ $\Gamma$ . $\Gamma’$
$X-Y$ $\epsilon$ :
$(1+\Gamma’\Gamma)(d+\Gamma)\sim 3\epsilon(d+\Gamma’)(1+\Gamma’\Gamma)$ : $C_{odd}arrow C_{even}$ over $X-l^{\nearrow\epsilon}$ .








$(-1)^{k}(\Gamma’\Gamma)^{k}$ . $k=[ \frac{n}{2}]$ . ) $(n+3)\epsilon$ $\triangle$ : $C$ $ddarrow C_{even}$
:
$\Delta=(1+\Gamma’\Gamma)(d.+\Gamma)(1+\Gamma’\Gamma)^{-1}$ .
$\triangle$ , 1 , $Wh(X, Y^{n\epsilon}, p_{X}, (n+3)\epsilon)$ ;
$X-Y^{n\epsilon}$ $(n+3)\epsilon$
$h=(1+\Gamma’\Gamma)(d+\Gamma)(1+\Gamma’\Gamma)^{-1}$
. $\Delta$ $C_{\Gamma}$ $\Delta$ $n\epsilon$




, $\Delta$ $X-Y^{(n+1)\epsilon}$ $\Delta$ ,
:
$\Delta’=d+\Gamma’$ over $X-Y^{(n+1)\epsilon}$
$\Delta’$ . 4.5 $\Delta’$ $C_{\Gamma’}$ $Wh(X, Y^{n\epsilon}, p_{X}, (n+3)\epsilon)$
. $C_{\Gamma}$ $C_{\Gamma’}$ $Wh(X, Y^{n\epsilon}, p_{X}, (n+3)\epsilon)$ .
$\Gamma$ .
$[C],$ $[C’]\in Wh(X, Y, px, n, \epsilon)$ $40\epsilon$ $f$ : $\overline{C}=$
$C\oplus Darrow\hat{C}=C’\oplus D’$ . $D,$ $D’$ $Y^{20\epsilon}$ $n$ $40\epsilon$
. $\Gamma$ (resp. $\Gamma’$ ) $C$ (resp. $C’$ ) $X-Y$ $\epsilon$
, $\overline{\Gamma}=\Gamma\oplus 0$ (resp. $\hat{\Gamma}=\Gamma’\oplus 0$) $40\epsilon$ $\overline{C}$ (resp. $\hat{C}$) $X-Y^{20\epsilon}$
$\epsilon$ , $\hat{\Gamma}’=f\overline{\Gamma}f^{-1}$ $\hat{C}$ $X-Y^{60\epsilon}$ $81\epsilon$ . $f$ 1
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$\hat{C}_{\Gamma}\wedge$, , $\overline{C}_{\overline{\Gamma}}$ $121\epsilon$ . $C_{\Gamma}$ $\overline{C}_{\overline{\Gamma}}$ (resp. $C_{\Gamma’}’$
$\hat{c}_{r^{)}}\wedge$ $Wh(X, Y^{20\epsilon}, p_{X)}40\epsilon)$ . $\hat{C}_{\Gamma}\wedge$ $\hat{C}_{\Gamma}\wedge$,
$Wh(X, (Y^{60\epsilon})^{81n\epsilon},$ $px,$ $81(n+3)\epsilon)$ . $[C_{\Gamma}]=[C_{\Gamma’}’]$
$Wh(X, Y^{(8\ln+60)\epsilon}, px, (81n+243)\epsilon)$ .
$C$ $C_{\Gamma}$





$f$ : $Carrow D$ $PX$ $n$ $\epsilon$ $\epsilon$ ,
$C(f)$ $9\epsilon$ . $f$ $\tau(f)$
$\tau(f)=[C(f)]\in Wh(X, p_{X)}n+1,9\epsilon)$
. ( $n=0$ , $f$ $\epsilon$ , $f$ $C(f)$ ,
$\tau(f)$ $Wh(X, px, \epsilon)$ well-defined .
4.8. $f$ : $Carrow D,$ $g$ : $Darrow E$ $px$ $n$ $\epsilon$ $\epsilon$
,
$\tau(gf)=\tau(g)+\tau(f)\in Wh(X,p_{X}, n+1,18\epsilon)$ .
$n=0$ $Wh(X, p_{X}, 2\epsilon)$ .
: $\{T, d_{T}\}$ :
$(d_{T})_{r}=(\begin{array}{ll}0 10 0\end{array})$ : $T_{r}=D_{f}\oplus D_{r-1}arrow D_{r-1}\oplus D_{r-2}=T_{r-1}$ .
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$5\epsilon$ $C(f)\oplus C(g)arrow C(gf)\oplus T$ :
$(\begin{array}{llll}1 0 0 00 1 0 00 0 1 00 0 0 (-)^{r}1\end{array})(\begin{array}{llll}1 0 0 00 1 0 00 0 1 0(-)^{r}d 0 0 1\end{array})(\begin{array}{llll}1 0 0 00 1 0 0g 0 1 00 f 0 1\end{array})(\begin{array}{lllll}1 0 0 (-)^{r} k0 1 0 f^{-1} 0 0 1 0 0 0 0 1 \end{array})$
: $D_{r}\oplus C_{r-1}\oplus E_{f}\oplus D_{r-1}arrow D_{r}\oplus C_{r-1}\oplus E_{r}\oplus D_{r-1}$
$f^{-1}$ $f$ $\epsilon$ , $k$ $\epsilon$ $ff^{-1}\simeq_{\epsilon}1$ .
(Cf. Ranicki [19, 4.2 $i$ )] $.$ )
5 $K$- .
(X, $Y\subseteq X$ ) $H_{*}(X, Y)$
:
. . . $arrow H_{n}(Y)arrow H_{n}(X)arrow H_{n}(X, Y)arrow H_{n-1}(Y)arrow\ldots$ .
finiteness obstruction :
$Wh(\rho)arrow Wh(\pi)arrow Wh(\pi, \rho)arrow\tilde{K}_{0}(Z[p])arrow\tilde{K}_{0}(Z[\pi])$ .
$\rhoarrow\pi$ . $Wh(\pi, \rho)$
$Z[\rho]$ $C$ , $Z[\pi]$ $D$ ,
$f$ : $Z[\pi]\otimes_{Z[\rho]}C\simeq D$ $(C, D, f)$ Grothendiedk
. domination
:
$Wh(Y)arrow Wh(X)arrow Wh(X, Y)arrow\tilde{K}_{0}(Y)arrow\tilde{K}_{0}(X)$
, finiteness obstruction $Wh(X, Y, p_{X}, n, \epsilon)$
.
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$A$ $C$ domination $(D, f, g, h)$ $A$ $D$
$f$ : $Carrow D,$ $g$ : $Darrow C$ , $h$ : $gf\simeq 1$ : $Carrow C$ .
$C$ $D$ . $A$ $C$
$A$ $D$ domination
, $C$ $A$ . Ranicki





‘instant finiteness obstruction’ \S 3 \S 4 $\tilde{K}_{0^{-}},$ $Wh$-
.
$n>0$ . $i$ : $Yarrow X,$ $j$ : $(X, \phi)arrow(X, Y)$
:
$i$ . $j$ .
$Wh(Y, p_{Y)}n, \epsilon)arrow Wh(X,p_{X}, n, \epsilon)arrow Wh(X, Y,p_{X}, n, \epsilon)$
$K_{0}(Y, p_{Y}, n, \epsilon)arrow i.\tilde{K}_{0}(X, p_{X)}n, \epsilon)$ .
:
$Wh(Y, p_{Y}, n, \epsilon)arrow Wh(X,p_{X}, n, \epsilon)arrow Wh(X, Y, p_{X}, n, \epsilon)$
$arrow\partial\tilde{K}_{0}(W, p_{W}, n, \epsilon’)arrow\tilde{K}_{0}(X, p_{X}, n, \epsilon’)$
. $W$ $Y^{(4n+20)\epsilon}$ $X$
, $\epsilon’$ $(12n+70)\epsilon$ .
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. $p_{X}$ $C$ $\epsilon$ domina$ti_{oI1}(D, f, g, h)$ , $p_{X}$
$D$ $\epsilon$ $f$ : $Carrow D,$ $g$ : $Darrow C$ , $\epsilon$ $h$ : $gf\simeq\epsilon 1$ : $Carrow C$
. $C$ $D$ $\epsilon$ dominate .
5.1. $C$ $px$ , $W$ $X$ . $(C, 1)$ $pw$
$(D, r)$ $\delta$ , $C$ $D$ $\delta$ dominate . $C$ $pw$ $n$
$(f.g.)$ $\delta$ $\delta$ $dom$inate , $(C, 1)$ $p_{W(n+4)\delta}$ $n$ $(f.g.)$
$(n+4)\delta$ $(2n+5)\delta$ .
: $f$ : $(C, 1)arrow(D, r),$ $g$ : $(D, r)arrow(C, 1)$ $\delta$ ,
$h$ : $gf\simeq 1$ : $(C, 1)$ \rightarrow (C, 1) , $k$ : $fg\simeq 1$ : $(D, r)$ \rightarrow (D, r)
6 . $(D, f, g, h)$ 6 domination .
, $(D, f, g, h)$ $C$ 6domination . $D$ $pw$ $n$
$\delta$ . $p_{W(n+4)\delta}$ $(n+2)6$ $\{C’, d’\}$
:
$C_{i}’=D_{0}\oplus D_{1}\oplus\ldots\oplus D_{i}$ ,
$d’=$ $(-fh^{2}-fh_{3}g$ $-fh^{2i-2}g-fh^{d_{f_{2}g}}1-f^{-}hg_{g}$ $-fh^{f_{2}^{0}g_{i-3}}g-f^{d}hg$ $-f^{-.\cdot.d_{fg}}1-h^{2i-4}g00$
$..$ .
$1-fg0000$ $0000d)$
: $C_{2i}’=D_{0}\oplus D_{1}\oplus\ldots\oplus D_{2i}arrow C_{2i-1}’=D_{0}\oplus D_{1}\oplus\ldots\oplus D_{2i-1}$ ,
$d’=$ $(1_{f^{f^{-}h_{3}g_{g^{g}}}}-fh_{2i}^{f_{2}g_{g}}$ $-f^{f_{h^{h_{2i-1}^{d_{2}}}g}^{fg_{g}}}-fhg$ $-f^{f^{-}h^{fg}}1^{-..\cdot d_{g}}h^{0_{2i-2}}g$ $-fh^{0}gf^{d}g0_{2i-3}^{\cdot}$
.
$1-fg0000_{:}$ $00_{:}00d]$
: $C_{2i+1}’=D_{0}\oplus D_{1}\oplus\ldots\oplus D_{2i+1}arrow C_{2i}’=D_{0}\oplus D_{1}\oplus\ldots\oplus D_{2i}$ .
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$\sim 2\delta 1-dh-hd$ . $\delta$
$f’$ : $Carrow C’$ $(n+1)\delta$ $g’$ : $C’arrow C$ $(n+1)\delta$
.
$f’=$ $(\begin{array}{l}0|0f\end{array})$ : $C_{i}arrow C_{i}’=D_{0}\oplus\ldots\oplus D$; $(d’f’\sim 2\delta f’d)$ ,
$g’=$ ( $h^{i}g$ $h^{i-1}g$ . . . $hg$ g) : $C_{i}’=D_{0}\oplus\ldots\oplus D_{i}arrow C_{i}(dg’\sim(n+2)\delta g’d’)$
.
$h$ : $g’f’=gf\simeq 1$ : $C$ $—arrow C$ $(dh+hd\sim 2\delta 1-g’f’)$









: $C_{i}’=D_{0}\oplus D_{1}\oplus\ldots\oplus D_{i}arrow C_{i+1}’=D_{0}\oplus D_{1}\oplus\ldots\oplus D_{i+1}$ .
$E$ $C’$ $n$ :
$d’$ $d’$
$E$ : . . . $arrow 0arrow C_{n}’arrow C_{n-1}’arrow\ldotsarrow C_{1}’arrow C_{0}’$ .
$q=\{q; : E;arrow E_{i}\}$
$q_{i}$ $=1$ : $E_{i}$ $=C_{j}’$ \rightarrow Ei $=C_{i}’$ $(0\leq i\leq n-1)$
$q_{n}=$ $\{\begin{array}{l}p.E_{n}=C_{n}’arrow E_{n}=C_{n}’1-p.E_{n}=C_{n}’arrow E_{n}=C_{n}’\end{array}$ $nnt_{i}ffi$$h^{i_{\backslash }}Q*$ ,
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.
$p=$ ( $fh^{2}gfg$ 1 $-.\cdot.fg$$f^{-}h^{d_{g}}$ $f^{0}gd$ ): $C_{n}’=D_{0}\oplus\ldots\oplus D_{n}$ \rightarrow Cn/ $=D_{0}\oplus\ldots\oplus D_{n}$ .
$q_{n}=1-d_{n+1}’$ : $C_{n+1}’=C_{n}’arrow C_{n}’$ . $i(>n)$
$d_{i}’=p$ , $i(>n)$ $d_{i}’=1-p$ $(n+4)\delta$
$d^{\prime^{2}}\sim(n+4)\delta 0$ $(n+4)\delta$ $p^{2}\sim(n+4)\delta p$ . $q$ $(n+4)6$
. $d_{n}’q_{n}\sim(n+4)\delta d_{n}’$ . :
$0\sim d’d_{n+1}’=d_{n}’(1-q_{n})=d_{n}’-d_{n}’q_{n}$ .
$(E, q)$ $p_{W(n+4)\delta}$ $n$ $(n+4)\delta$ .
$I$ : $(C’, 1)arrow(E, q))J$ : $(E, q)arrow(C’, 1)$ :
$I=\{\begin{array}{l}1.C_{i}’arrow E_{i}=C_{i}’q_{n}.C_{i}’arrow E_{i}=C_{i’}0.C_{i}’arrow E_{i}=0\end{array}$
$fi>n$
$i=n$
$0\leq i\leq n-1_{\text{ }}$
$J=\{\begin{array}{l}1.E.\cdot=C_{i}’arrow C_{i}’q_{n}.E_{i}=C_{i}’arrow C_{i^{/}}0.E_{i}=0arrow C_{i}’\end{array}$ $i=0\leq ii>n$ n\leq \emptyset \emptyset n&-& l
$(n+4)\delta$ .
$IJ\sim(n+2)\delta q$ : $(E, q)arrow(E, q)$
$K$ : $JI\simeq 1$ : $(C’, 1)arrow(C’, 1)$ $(d’K+Kd’\sim(n+2)\delta 1-JI)$
.
$K=\{\begin{array}{l}0.C_{i}’arrow C_{j+1}’1.C_{i}’=C_{n}’arrow C_{i+1}’=C_{n}’\end{array}$ $0\leq i\leq i\geq n\text{ ^{}n}\text{ ^{}-}\text{ ^{}1.\text{ }}$
$(C, 1)$ $(E, q)$ $(2n+5)\delta$ .
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. Ranicki [18] 3.1 .
[18] $d’$ $p$ Erik Pedersen
. ( . )
5.2. $W$ $X$ . $FX$ $(C, 1)$ $p_{W}$
$\epsilon$ dominate , $C$ $X-W^{\epsilon}$ $\epsilon$ . $px$ $n$ $(fg.)$
$\epsilon$ $C$ $X-Y$ $\epsilon$ , $C$ $p_{Y(\mathfrak{n}+2)\epsilon}$ $n$ $(f.g.)$ $\epsilon$
$3\epsilon dom$ inate .
: $(D, f, g, h)$ $C$ $\epsilon$ domination . $f$ $\epsilon$ $f$ $X-W^{\epsilon}$
$0$ . $h$ $C$ $X-W^{\epsilon}$ $\epsilon$ .
$\Gamma$ $C$ $X-Y$ $\epsilon$ . $r$ , $D_{r}$
:
$D_{f}=C_{r}(Y^{(n-r+2)\epsilon})$ .
$d_{r}$ : $C_{f}arrow C_{r-1}$ $\epsilon$ $d_{r}$ $Y^{(n-r+2)\epsilon}$
$d_{r}$ : $D_{r}arrow D_{r-1}$ . $d_{r}d_{r+1}\sim 2\epsilon 0$ : $D_{r+1}arrow D_{r-1}$ .
$\{D_{r)}d_{r}\}$ $C$ ; $i$ : $Darrow C$ $\epsilon$
. $1-d\Gamma-\Gamma d$ : $C_{r}arrow C_{r}$ $X-Y$ $0$
: $C_{f}arrow C_{f}$ $2\epsilon$ . $2\epsilon$ , $F=if$
: $C_{r}arrow D_{r}$ . $f=\{f_{r}\}$ $3\epsilon$ . :
$i(df-fd)=dF-Fd\sim 3\epsilon d(1-d\Gamma-\Gamma d)-(1-d\Gamma-\Gamma d)d$
$\sim 3\epsilon-dd\Gamma+\Gamma dd\sim 3\epsilon 0$ .
$2\epsilon$ $d\Gamma+\Gamma d\sim 2\epsilon 1-if$ , $(D, f, i, \Gamma)$ $C$ $3\epsilon$
domination .
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$\partial$ . $C$ $PX$ $n$ $f.g$ . $\epsilon$ $X-Y$ $\epsilon$
. $C$ , $p_{Y^{(n+2)\epsilon}}$ $n$ $f.g$ . $\epsilon$
$D$ $3\epsilon$ dominate . 5.1 , $(C, 1)$ $p_{Y}(4n+14)\epsilon$ $n$
$f.g$ . $(3n+12)\epsilon$ $(E, q)$ $(6n+15)\epsilon$ . $X$
$W\supset Y^{(4n+20)\epsilon}$ $\epsilon’\geq(12n+70)\epsilon$ , $\partial$
‘
$\partial([C])=[E, q]\in\tilde{K}_{0}(W,p_{W}, n, \epsilon’)$ ,
. $(E, q)$ $(C, 1)$ $(6n+15)\epsilon$ , $p_{Y(4n+14)\epsilon}$
$n$ $(3n+12)\epsilon$ .
$\partial$ well-defined . $C’$ $p_{X}$ $n$ f.g. $\epsilon$
$C$ $Wh(X, Y, p_{X}, n, \epsilon)$ , $(C’, 1)$ $p_{Y(4\mathfrak{n}+14)\epsilon}$ $n$
$f.g$ . $(3n+12)\epsilon$ $(E’, q’)$ $(6n+15)\epsilon$ . $p_{Y^{20\epsilon}}$ $n$
f.g. $40\epsilon$ $D,$ $D’$ $px$ $n$ $f.g$ . $T,$ $T’$ ,
$40\epsilon$
$C\oplus D\oplus T\cong 40\epsilon,{}_{\Sigma}C’\oplus D’\oplus T’$
. $(C, 1)\oplus(D, 1)$ $(C’, 1)\oplus(D’, 1)$
$40\epsilon$ . $(E, q)\oplus(D, 1)$ $(E’, q’)\oplus(D’, 1)$ $(12n+70)\epsilon$
. $(E, q)$ $(E’, q’)$ $\tilde{K}_{0}(W, pw, n, \epsilon’)$ .
. $\partial[C]$ $C$ $Y$ ; $(C, d),$ $(\overline{C},\overline{d})$ $p_{X}$






. $C$ , $\overline{C}$
$(E, q)$ . , $\overline{C}$ $X-Y$ $\epsilon$ $(E, q)$
. , $\partial([C])$ $C$




$i$ . $j$ .
$Wh(Y, p_{Y}, n, \epsilon)arrow Wh(X, p_{X}, n, \epsilon)arrow Wh(X, Y, p_{X}, n, \epsilon)$





$j_{*}$ : $Wh(X, p_{X}, n, \epsilon)$ $—arrow Wh(X, Y, p_{X}, n, \epsilon)$
$[C]$ ( $Wh(X,$ $p_{X},$ $n,\overline{\epsilon})$ )
$i_{*}$ : $Wh(Y^{2000\epsilon}, p_{Y^{2000\epsilon}}, n,\overline{\epsilon})arrow Wh(X,p_{X}, n,\overline{\epsilon})$
. $\overline{\epsilon}=9000(9n+34)\epsilon$ .
(2) $[C]$
$\partial$ : $Wh(X, Y, p_{X}, n, \epsilon)$ $—arrow K_{0}(W, p_{W}, n, \epsilon’)$
$[C]$ ( $Wh(X,$ $W^{\hat{\epsilon}},$ $p_{X},$ $n,\hat{\epsilon})$ )




$i_{*}$ : $\tilde{K}_{0}(W, p_{W}, n, \epsilon’)arrow\tilde{K}_{0}(X, p_{X}, n, \epsilon’)$
$[E, q]$ ( $\tilde{K}_{0}(W’,$ $p_{W’},$ $n,$ $\delta’)$ )
$\partial$ : $Wh(X, W^{240\epsilon’}, p_{X}, n, \delta)arrow\tilde{K}_{0}(W’, p_{W’}, n, \delta’)$
. $\delta=180\epsilon’,$ $6’=180(12n+70)\epsilon’,$ $W’=W^{180(4n+22)\epsilon’}$ .
.
5.4. $C$ $D$ $\delta$ .
(1) $f_{)}f’$ : $Carrow D$ $\delta$ , $C(f)$ $C(f’)$ 2\delta
.
(2) $C(1_{C} : Carrow C)$ 2\delta .
:(1) $h$ : $f\simeq f’$ $\delta$ . $2\delta$
:
$(\begin{array}{ll}1 (-)^{r}h0 1\end{array})$ : $C(f)_{r}=D_{r}\oplus C_{r-1}arrow C(f’)_{r}=D_{r}\oplus C_{r-1}$ .
(2) $T=\{T_{f}, d_{f}\}$
$T_{f}=C_{r}\oplus C_{r-1}$ ,
$d_{f}=(\begin{array}{ll}0 10 0\end{array})$ : $C_{r}\oplus C_{r-1}arrow C_{r-1}\oplus C_{r-2}$
. $2\delta$ $C(1_{C})arrow T$ :
$(\begin{array}{ll}(-)^{r}1 0-(-)^{\gamma}1d_{C} 1\end{array})$ : $C(1_{C})_{r}=C_{r}\oplus C_{r-1}arrow T_{r}=C_{r}\oplus C_{\tau-1}$ . $\square$
53 :(1) 4.1 , $p_{Y^{20\epsilon}}$ $n$ $f.g$ . $86\epsilon$ $D,$ $D’$ $PX$
$n$ $f.g$ . $T,$ $T’$ $86\epsilon$ :
$f$ : $C\oplus D\oplus Tarrow D’\oplus T’$
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. $i$ : $Darrow C\oplus D\oplus T$ $j$ : $D’arrow D’\oplus T’$ ,
$q$ : $D’\oplus T’arrow D’$ . $g=qfi$ : $Darrow D’$ $100\epsilon$
. $C(g)$ $300\epsilon$ . $C(g)\oplus T’$ $C(jg : Darrow D’\oplus T’)$ .
$jg=(jq)fi$ $fi$ $100\epsilon$ , $C(jg)$ $C(fi)\mathfrak{l}^{arrow}\llcorner 200\epsilon$
. $C(fi)$ $C(i)$ $200\epsilon$ .
$C(i)$ $C\oplus T\oplus C(1_{D} : Darrow D)$ . $C(1_{D})$ $T”$
$200\epsilon$ . :
$C\oplus T\oplus T’’\cong 200\epsilon,{}_{\Sigma}C\oplus T\oplus C(1_{D})=C(i)\cong 200\epsilon,{}_{\Sigma}C(fi)\cong 200\epsilon,{}_{\Sigma}C(jg)=C(g)\oplus T’$
$C\oplus T\oplus T’’$ $C(g)\oplus T’$ $600\epsilon$ . $C(g)$
$Wh(Y^{2000\epsilon}, p_{Y^{2000\epsilon}}, n+1,900\epsilon)$ . ( $C(g)$ $900\epsilon$ $\Gamma$ , $1800\epsilon$
$\Gamma^{2}\sim 0$ $Y^{2000\epsilon}$ .) 4.3 , $Wh(Y^{2000\epsilon}, p_{Y^{2000\epsilon}}, n, 900\epsilon)$
$[\overline{C}]$ . $\overline{C}$ $C$ $Wh(X, p_{X}, n, 900\epsilon)$
, $Wh(X, p_{X}, n+1,900\epsilon)$ .
$\iota$ $\tau$ .
(2) $p_{Y(4n+14)\epsilon}$ $n$ $f.g$ . $(3n+12)\epsilon$ $(E, q)$
$(C, 1)$ $(6n+15)\epsilon$ , $\partial[C]=[E, q]\in\tilde{K}_{0}(W, pw, n, \epsilon’)$
. $\tilde{K}_{0}(W, pw, n, \epsilon’)$ $[E, q]=0$ $(E, q)$ $pw$ $n$ $f.g$ .
$30\epsilon’$ $(D, 1)$ $60\epsilon’$ . $61\epsilon’$ $f$ : $Darrow C$
. $C(f)$ $PX$ $(n+1)$ $61\epsilon’$ $183\epsilon’$ .
$549\epsilon’$ , $Wh(X, px, n+1,549\epsilon’)$ . 4.5 , $C(f)$ $C$
$Wh(X, W, p_{X}, n+1,549\epsilon’)$ . 4.3 $Wh(X, p_{X}, n, 549\epsilon’)$
$[\overline{C}]$ $[C(f)]$ . $\iota$ $\tau$ , $\overline{C}$ $C$
$Wh(X, W^{549(90n+190)\epsilon’}, px, n, 549(90n+340)\epsilon’)$ .
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(3) $(E, q)$ $px$ $n$ $f.g$ . $30\epsilon’$ $(C, 1)$ $60\epsilon’$ . $C$
$X-W^{60\epsilon’}$ $60\epsilon’$ , $X-W^{240\epsilon’}$ $180\epsilon’$ .
$C$ $Wh(X, W^{240\epsilon’}, px, n, 180\epsilon’)$ ,
$\partial[C]=[E, q]\in\tilde{K}_{0}(W’, p_{W’}, n, 6’)$
6. .
$X$ 2 $X_{-}$ $x_{+}$ ,
$X_{0}=X_{-}nx_{+}$ . :
$H_{*}(X_{+}, X_{0})\cong H_{*}(X, X_{-})$
. :




$Wh(X_{0})arrow Wh(X_{+})\oplus Wh(X_{-})arrow Wh(X)arrow\tilde{K}_{0}(X_{0})arrow\tilde{K}_{0}(X_{+})\oplus\tilde{K}_{0}(X_{-})$
. Ranicki [21] $K$-
, .
: $X$ $\epsilon$ $C$ $x_{+}$ $X_{-}$ $c_{+}$ ) $C_{-}$
$C=C_{+}+C_{-}$ . , $C$ $c_{+},$ $C_{-}$ finitely
dominated .
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$X_{-}$ , $x_{+}$ . $X$
$X_{-}$ $x_{+}$ $X_{0}$
. $\gamma$ : $[0, s]arrow X$ $\gamma(0)\in X_{-}$ $\gamma(s)\in x_{+}$ $\delta>0$
$\gamma([0, s])\subset\{\gamma(0)\}^{\delta}$ . $\gamma(t)\in X_{0}$
$t\in[0, s]$ . $\{\gamma(0)\}^{\delta}\subset\{\gamma(t)\}^{2\delta}$ , $\gamma([0, s])$ $X_{0}^{2b}$ .
$X_{-}^{\delta}=X_{-}\cup X_{0}^{\delta}$ ( ) . (
. , $x_{\pm\cup V^{\delta}}$
$(x_{\pm}$ $V)^{\delta}$ . )
, :
$i_{*}$ : $Wh(X_{+}, X_{0}, p_{X_{+}}, n, \epsilon)$ $—arrow Wh(X, X_{-}, p_{X}, n, \epsilon)$
exc : $Wh(X, X_{-}, p_{X}, n, \epsilon)arrow Wh(X_{+}, X+\cap X_{0}^{(n+300)\epsilon}, p_{X_{+}}, n, 90\epsilon)$
. $Wh(X, X_{-}, p_{X}, n, \epsilon)$ $\{C, d\}$ ,
$px_{+}$ $n$ $f.g$ . $90\epsilon$ $\{C_{+}, d_{+}\}$ :
1. $(C_{+})_{r}(X_{+}-X_{0}^{(n+180)\epsilon})=C_{r}(X_{+}-X_{0}^{(n+180)\epsilon}))$
2. $d+=d_{C}$ over $X_{+}-X_{0}^{(n+270)\epsilon}$ .
( $c_{+}$ $(c_{+})_{r}=C_{r}(X+-X_{0}^{r\epsilon})$ . ) $\Gamma$ $C$
$X-X$- $\epsilon$ .
$r_{+}=\{\begin{array}{l}\Gamma overX_{+}-X_{0}^{(n+270)\epsilon}0overX_{+}\cap X_{0}^{(n+270)\epsilon}\end{array}$
$c_{+}$ $x_{+}-X_{0}^{(n+300)\epsilon}$ $90\epsilon$ . $c_{+}$ $Wh(X_{+},$ $X+$
$X_{0}^{(n+300)\epsilon},$
$px_{+},$ $n,$
$90\epsilon$) . 4.5 $c_{+}$
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. $[C]rightarrow[c_{+}]$ well-defined exc
. $40\epsilon$ $C,$ $C’$
$c_{+}$ , $C_{+}’$ $3600\epsilon$
. $f$ : $Carrow C’$ $40\epsilon$ $C+$ $(c_{+})_{f}=C_{r}(X+-X_{0}^{(r+40)\epsilon})$
. $g=f_{[X-\cup X_{0}^{(n+160)\epsilon}]}$ . $x_{\pm}$ $X$ , $g$
$X_{-}\cup X_{0}^{(n+80)\epsilon}$ , $x_{+}-X_{0}^{(n+200)\epsilon}$ $g=f$ . $C’$
$gdg^{-1}$ $C”$ . $d$ $C$
. $C”$ $C’$ $x_{+}-X_{0}^{(n+250)\epsilon}$ ( $81\epsilon$
) . $120\epsilon$ $g$ : $Carrow C”$ ( $40\epsilon$ ) $c_{+}$
$C”$ $C_{+}’$ $40\epsilon$ .
$C_{r}’(x_{+}-X_{0}^{(n+80)\epsilon})=(C_{+}’)_{r}(x_{+}-X_{0}^{(n+80)\epsilon})$ , $d_{C_{+}’}=d_{C’’}\sim 81\epsilon d_{C’}$ over
$X_{+}-X_{0}^{(n+250)\epsilon}$ . $c_{+}$ $C_{+}’$ (up to )
. exc } well-defined .
$i_{*}$ , exc ; ,
:
$Wh(X_{+}, X_{0}, p_{X_{+}}, n, \epsilon)Wh(X, X_{-}, p_{X}, n, \epsilon)\underline{i_{*}}$
$Wh(x_{+}, x_{+}\cap X_{0’\overline{exc}}^{(n+300)\epsilon}p_{X_{+}}, n, 90\epsilon)Wh(X, X_{-}p_{X}, n, \epsilon)\downarrow\Vert$
,
$Wh(X_{+)}X+\cap X_{0}(p_{X_{+}}, n, 90\epsilon)Wh(X, X_{-}, p_{X}, n, \epsilon)$
$\Vert$ $\downarrow$
$Wh(X_{+}, X_{+}\cap X_{0}^{(n+300)\epsilon}, p_{X_{+}}, n, 90\epsilon)\overline{i_{*}}Wh(X, X_{-}^{(n+300)\epsilon}, p_{X)}n, 90\epsilon)$
.
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$W$ $X$ $X_{0}^{400(n+10)\epsilon}(\supset(X_{0}^{(n+300)\epsilon})^{(4n+20)\cdot 90\epsilon})$
. $\epsilon’$ $(12n+70)\cdot 90\epsilon$ .
$\partial+:Wh(X, px, n, \epsilon)arrow\tilde{K}_{0}(W, pw, n, \epsilon’)$ :
$Wh(X, p_{X}, n, \epsilon)arrow Wh(X, X_{-},p_{X}, n, \epsilon)arrow Wh(X_{+}, X+exc\cap X_{0}^{(n+300)\epsilon}, p_{X_{+}}, n, 90\epsilon)$
$arrow\partial\tilde{K}_{0}(X+\cap W, px_{+}\cap w, n, \epsilon’)arrow\tilde{K}_{0}(W, p_{W)}n, \epsilon’)$ .




$Wh(X, px, n, \epsilon)arrow Wh(X, p_{X}, n, 90\epsilon)arrow Wh(X, X_{0}^{(n+300)\epsilon}, p_{X}, n, 90\epsilon)$
$arrow\partial\tilde{K}_{0}(W, p_{W}, n, \epsilon’)$
$0$
:
$Wh(X_{0}, p_{X_{0}}, n, \epsilon)arrow^{(\begin{array}{l}-i-i_{+}\end{array})}Wh(X_{-}, p_{X-}, n, \epsilon)\oplus Wh(X_{+}, p_{X_{+}}, n, \epsilon)$
$arrow Wh(X, p_{X)}n, \epsilon)(j-j+)arrow K_{0}(W,p_{W}, n, \epsilon’)\partial_{+}=-\partial_{-}$
$arrow\tilde{K}_{0}(X_{-}(\begin{array}{l}-i-i+\end{array})\cup W, px_{-}\cup w, n, \epsilon’)\oplus\tilde{K}_{0}(X+\cup W,p_{X\cup W}+’ n, \epsilon’)$
$i\pm,$ $j\pm$ . $(j_{-}j_{+})(\begin{array}{l}-i-i+\end{array})$ ,
$\partial_{+}(j_{-}j_{+})$ $0$ , $(\begin{array}{l}-i-i+\end{array})\partial_{+}$ 6.1 $0$ .
. ( $p$ $PX$ . )
62. (1) $([C_{-}], [C_{+}])\in Wh(X_{-}, p, n, \epsilon)\oplus Wh(X_{+}, p, n, \epsilon)$ $(j_{-}j_{+})$
$([C_{-}], [C_{+}])$ ( $Wh(X_{-}\cup X_{0}^{\gamma},$ $p,$ $n,$ $\gamma)\oplus Wh(X+\cup X_{0}^{\gamma},$ $p,$ $n,$ $\gamma)$ )
$(\begin{array}{l}-i_{-}i+\end{array})$ : $Wh(X_{0}^{\gamma},p, n, \gamma)arrow Wh(X_{-}\cup X_{0}^{\gamma}, p, n, \gamma)\oplus Wh(X+\cup X_{0}^{\gamma}, p, n, \gamma)$
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. $\gamma=1200\epsilon$ .
(2) $[C]\in Wh(X, px, n, \epsilon)$ $\partial_{+}$ $[C]$ ( $Wh(X,$ $px,$ $n,\hat{\epsilon})$ )
$(j_{-}j_{+})$ : $Wh(X_{-}\cup\hat{W},p, n,\hat{\epsilon})\oplus Wh(X+\cup\hat{W}, p, n,\hat{\epsilon})arrow Wh(X, p_{X}, n,\hat{\epsilon})$
. $\hat{W}=W^{13\cdot 10^{6}(9n+34)\epsilon’}$ , $\hat{\epsilon}=54\cdot 10^{6}(9n+34)^{2}\epsilon’$ .
(3) $[E, q]\in\tilde{K}_{0}(W, pw, n, \epsilon’)$ $(\begin{array}{l}-i_{-}i+\end{array})$ $[E, q]$ ( $\tilde{K}_{0}(V, pv, n, \delta’)$
)
$\partial_{+}$ : $Wh(X, p_{X}, n, \delta)arrow\tilde{K}_{0}(V, p_{V}, n, \delta’)$
. $6=72\cdot 180(12n+70)\epsilon’,$ $\delta’=90\cdot 72\cdot 180(12n+70)^{2}\epsilon’,$ $V=$
$W^{400(n+10)\delta}$ .
:(1)4.1 , $T,$ $T’$ $86\epsilon$ $f$ : $C_{-}\oplus C_{+}\oplus T’arrow T$
. $C_{-}$ , $c_{+}$ $C_{-}\oplus T’(X_{-}),$ $C_{+}\oplus T(X-X_{-})$
$f$ $C_{-}\oplus c_{+}$ $T$ $86\epsilon$ .
$f’$ $f$ $X_{-}\cup X_{0}^{2\cdot 86\epsilon}$ , $f’$ $X_{-}\cup X_{0}^{86\epsilon}$
$x_{+}-X_{0}^{3\cdot 86\epsilon}$ $f$ . $T$ $f’(d_{C_{-}}\oplus d_{C+})(f’)^{-1}$ .
$200\epsilon$ $E$ . $E$ $X_{+}-X_{0}^{400\epsilon}$ $d_{T}$
$172\epsilon$ . $f’$ $c_{-}\oplus 0_{+}$ $X_{-}\cup X_{0}^{800\epsilon}$ $200\epsilon$
$259\epsilon$ . $f’$ $X_{-}\cup X_{0}^{86\epsilon}$
$86\epsilon$ , $f’$ $C_{-}$
$259\epsilon$
$g$ : $c_{+}arrow D_{+}\oplus T’’$ . $D+$ $p_{X_{0}^{800\epsilon}}$
$200\epsilon$ $T”$ $T(X+-X_{0}^{600\epsilon})$ . $D_{+}$ $1200\epsilon$
$Wh(x_{+}\cup X_{0}^{800\epsilon}, p, n, 1200\epsilon)$ $C+$ .
$345\epsilon$ $f(1_{C-}\oplus g^{-1})$ : $C_{-}\oplus D+\oplus T’’arrow C_{-}\oplus c_{+}arrow T$ $T”$
, $c_{-\oplus D+}$
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$T(X_{-}\cup X_{0}^{600\epsilon})$ $345\epsilon$ . $-[D_{+}]=[C_{-}]$
$Wh(X_{-}\cup X_{0)}^{800\epsilon}p, n, 1200\epsilon)$ .
(2) $c_{+}$ exc . 2
$[c_{+}]$ $\partial$ :
$[c_{+}]\in Wh(x_{+}, x_{+}nx_{1^{n+300)\underline{\partial}}\downarrow^{W,p,n,\epsilon’)}}\epsilon p, n, 90\epsilon)\tilde{K}_{0}(x_{+}\cap\ni\partial[C_{+}]$
$[C_{+}]\in Wh(X+\cup W,$ $X_{0}(p, n, 90\epsilon)\tilde{K}_{0}(W, p, n, \epsilon’)$ $\ni$ $\partial_{+}[C]=0$
. $5.3(2)$ , $Wh(X_{+}\cup W, p, n, 6)$
$[\hat{c}_{+}]$ , $Wh(X+\cup W, W^{\delta}\cap(X+\cup W),$ $p,$ $n,$ $\delta$ ) $[\hat{c}_{+}]=[C_{+}]$
. $\delta=6000(9n+34)\epsilon’$ , $Wh(X, W^{\delta}, p, n, \delta)$
$[\hat{c}_{+}]=[c_{+}]$ .
$\partial_{-}=-\partial_{+}$ $[\hat{C}_{-}]\in Wh(X_{-}\cup W, p, n, \delta)$ $Wh(X_{-}\cup W,$ $W^{\delta}\cap(X$
-
$W))p,$ $n,$ $6$ ) $[\hat{C}_{-}]=[C_{-}]$ . $\{C_{-}, d_{-}\}$
$PX-$ $n$
$90\epsilon$ $(C_{-})_{r}(X_{-}-X_{0}^{(n+180)\epsilon})=C_{f}(X_{-}-X_{0}^{(n+180)\epsilon})$ ,
$d_{-}=d_{C}$ over $x_{--X_{0}^{(n+270)\epsilon}}$ . 4.5 , $Wh(X, W^{\delta}, p, n, \delta)$
$[C]=[C_{-}]+[c_{+}]$ . $Wh(X, W^{\delta}, p, n, \delta)$ $[C]=[\hat{C}_{-}]+[\hat{c}_{+}]$ .
5.3(1) $[C]-[\hat{C}_{-}]-[\hat{c}_{+}]\in Wh(X, p, n, 6)$ $[D]\in Wh(W^{2001\delta}, p, n,\hat{\epsilon})$
$i_{*}$ $[C]-[\hat{C}_{-}]-[\hat{C}_{+}]\in Wh(X, p, n,\hat{\epsilon})$ .
$\hat{\epsilon}=9000(9n+34)6$ .
$Wh(X_{-}\cup W^{2001\delta}, p, n,\hat{\epsilon})\oplus Wh(X_{+}\cup W^{2000\delta}, p, n,\hat{\epsilon})arrow Wh(X, p, n,\hat{\epsilon})(j-j_{+})$




$[C_{+}]\in Wh(X+\cup W, (x_{+}\cup W)\cap W^{240\epsilon’},$ $p,$ $n,$ $180\epsilon’$ )
$[C_{-}]\in Wh(X_{-}\cup W, (X_{-}\cup W)\cap W^{240\epsilon’},p)n,$ $180\epsilon’$ )
$\partial[C_{+}]=$ $[E, q]\in\tilde{K}_{0}((X+\cup W)\cap W^{/}, p, n, \gamma)$
$\partial[C_{-}]=[E, q]\in\overline{K}_{0}((X_{-}\cup W)\cap W’, p, n, \gamma)$
. $W’=W^{180(4n+22)\epsilon’},$ $\gamma=180(12n+70)\epsilon’$ .
$\partial[C_{+}]$ (resp. $\partial[C_{-}]$ ) $(C_{+}, 1)$ (resp. $(C_{-},$ $1)$ ) $\gamma$ $pw$’ $\gamma$
$(E_{+}, q_{+})$ (resp. $(E_{-},$ $q_{-})$ ) . 3.1 $pw$ ’ $\gamma$ $F$ ,
$G$
$(E_{+}, q_{+})\oplus(F, 1)\simeq 6\gamma(E_{-}, q_{-})\oplus(G, 1)$
. $8\gamma$ $f$ : $C_{-}\oplus Garrow C_{+}\oplus F$ . $C(f)$
$(n+1)$ $72\gamma$ . 4.3 $n$ $72\gamma$
$\{\overline{C(f}),\hat{d}\}$ . $\overline{C(f})_{r}(x_{+}-W’)=(c_{+})_{r}(x_{+}-W’)$
$\hat{d}_{r}=d_{C_{+}}$ over $X+-(W’)^{72\gamma}$ . $\partial+$ $[\overline{C(f})]\in Wh(X, p_{X}, n, 72\gamma)$
$[E, q]$ .
7. $M\cross S^{1}$ .
$\pi\cross Z$ :
$0$ $-$
$Wh(\pi)arrow^{i_{!}}Wh(\pi\cross Z)arrow^{B\oplus N_{+}\oplus N-}$
$\tilde{K}_{0}(Z[\pi])\oplus\overline{Ni}1_{0}(Z[\pi])\oplus\overline{Ni}1_{0}(Z[\pi])$ \rightarrow 0
(Bass [1, XII] ). $c$ $i_{!}$ $i$ : $\piarrow\pi\cross Z$
. $B$ $M$ $CW$ $X$ $S^{1}$
$f$ : $Marrow X\cross S^{1}$ $\tau(f)$ $\in Wh(\pi\cross Z)$ $M$
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$\overline{B}$ : $\tilde{K}_{0}(Z[\pi])arrow Wh(\pi\cross Z)$ ; $[P]arrow\tau(z:P[z, z^{-1}]arrow P[z, z^{-1}])$
. Ranicki [20] $\tilde{K}_{0}(Z[\pi])$ $Wh(\pi\cross Z)$
‘algebraically significant injection’ , ‘geometrically significant injection’
$[P]arrow\tau(-z : P[z, z^{-1}]arrow P[z, z^{-1}])$ . $Wh(\pi\cross Z)$
transfer invariant . [22]
:




7.1. $px$ : $Marrow X$ . $n>0,$ $\delta>0,$ $\epsilon\geq 18\delta$
:
$Wh(X, p_{X}’, n, 18\delta).\tilde{K}_{0}(X, p_{X}, n, \delta)\downarrow\downarrow\underline{\overline{B}}$
$Wh(X,p_{X}’, n, \epsilon)\tilde{K}_{0}(X, p_{X}, n, \kappa_{n}\epsilon)\overline{B}$
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$p_{X}’$ :




$p_{X}\cross 1_{\Delta}$ : $M\cross\Deltaarrow X\cross\Delta$ .
$\Delta\subset R$ $S^{1}$ . $S^{1}$ $R/Z$ $R$
. $Rarrow R/Z=S^{1}$ $\pi$ .
.
, $\Delta$
$[-s, s]\subset R$ , $PXx\Delta$ $PX\cross 1_{\Delta}$
.
72. $\Delta$ , $\Delta$ $v\in\Delta$
$\{r_{t}\}_{0\leq t\leq 1}$ $x,$ $y\in\Delta$ $t\in[0,1]$ ( $d(r_{t}(x), r_{t}(y))\leq d(x, y)$
. $p_{Xx\Delta}$ : $Narrow X\cross\Delta$ , $N$ \tilde $p_{Xx\Delta}^{-1}(X\cross\{v\})$
$\{R_{t}\}$ , $X\cross\Delta$ $X\cross\{v\}$ {lx $\cross r_{t}$ }
. $PX$ : $p_{Xx\{v\}}^{-1}arrow X\cross\{v\}=X$ $p_{Xx\Delta}$ .
$n\geq 0,$ $\epsilon>0$ :
$\tilde{K}_{0}(X\cross\Delta,p_{Xx\Delta}, n, \epsilon)\cong\tilde{K}_{0}(X,p_{X}, n, \epsilon)$
$Wh(X\cross\Delta, p_{Xx\Delta}, n+1, \epsilon)\cong Wh(X, p_{X}, n+1, \epsilon)$ .
: $\tilde{K}_{0}$ .
$(R_{1})_{*}$ : $\tilde{K}_{0}(X\cross\Delta,p_{X\cross\Delta}, n, \epsilon)arrow\tilde{K}_{0}(X, p_{X}, n, \epsilon)$
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. $i$ : $p_{Xx\Delta}^{-1}arrow N$ $i_{*}$ . $(R_{1})_{*}i_{*}$
. $i_{*}(R_{1})_{*}=1$ $[E, q]\in\tilde{K}_{0}(X\cross\Delta, p_{Xx\Delta}, n, \epsilon)$
$(E, q)$ $(R_{1})_{\#}(E, q)$ .
. $0=t_{0}<t_{1}<\cdots<t_{N}=1$
$i=0,$ $\cdots,$ $N-1$ $(R_{t_{i}})_{\#}(E, q)$ $(R_{t;+1})_{E1}(E, q)$ $\epsilon$
. $\{R_{t}\}_{t_{i}\leq t\leq t;+1}$ .
$Wh$
7.1 :
$B$ : $Wh(X, p_{X}’, n, \epsilon)$ $–arrow K_{0}(X,p_{X}, n, \kappa_{n}\epsilon)$
$n>0,$ $\epsilon>0$ . $C$ $p_{X}’$ : $MxS^{1}arrow X$ $n$ $\epsilon$
$f.g$ . $\epsilon$ . $\tilde{C}$ $C$ $1_{M}\cross\pi$ : $M\cross Rarrow M\cross S^{1}$
. $\tilde{C}$ . , M- :
$M\cross N$ M- , $y\in N$ $N$
$y$ $U$ $M\cross U$
. $M\cross N$ $C$ $M$- $C_{r}$ M-
.
. $q_{X}$ : $M\cross Narrow X$ . $\tilde{K}_{0}^{M}(X, qx, n, \epsilon)(n\geq 0)$
$Wh^{M}(X, Y, q_{X}, n, \epsilon)(n\geq 1)$ \S \S 3 4
M- .
$\tilde{K}_{0}$ $Wh$ $K_{0}^{M}$ $Wh^{M}$ ,
.
$B$ . $\tilde{C}$ $X$ $\epsilon$ , $p_{X}\cross 1_{R}$ : $M\cross Rarrow X\cross R$
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. $\alpha$
, $\alpha$ $K$ , 1 $\varphi^{K}$ : $Rarrow R$ ; $x-\succ x/K$
. $K$ $\varphi_{\#}^{R’}(\tilde{C})$ $p_{X}\cross 1_{R}$ M- $n$ $\epsilon$
$\epsilon$ , $Wh^{M}(X\cross R, p_{X}\cross 1_{R}, n, \epsilon)$ . $B([C])$
:
$Wh^{M}(X\cross R, p_{X}\cross 1_{R}, n, \epsilon)arrow^{\theta_{+}}\tilde{K}_{0}^{M}(X\cross J,p_{X}\cross 1_{J}, n, \kappa_{n}\epsilon)$
$=\tilde{K}_{0}(X\cross J,p_{X}\cross 1_{J}, n, \kappa_{n}\epsilon)arrow\underline{\simeq}\tilde{K}_{0}(X,p_{X}, n, \kappa_{n}\epsilon)$ .
$\partial_{+}$ $X\cross$ $(R;(-\infty, 0$]
$,$
$[0, \infty$ )) .
, $J$ $[-s, s]$ , $M\cross Jarrow M$
7.2 .
$[\varphi_{\#}^{A’}(\tilde{C})]$ $\tilde{K}_{0}(X, p_{X}, n, \kappa_{n}\epsilon)$ , $C$ , $K$
. $[C]=[C’]\in Wh(X, p_{X}’, n, \epsilon)$ . $K$
$Wh^{M}(X\cross R, px\cross 1_{R}, n, \epsilon)$ $[\varphi_{\#}^{A’}(\tilde{C})]=[\varphi_{\#}^{R’}(\tilde{C}’)]$ . $B$
well-defined . .
$\overline{B}$ : $\tilde{K}_{0}(X, p_{X}, n, \delta)arrow Wh(X, p_{X}’, n, 18\delta)$
$n>0,6>0$ . $(A, p)$ $p_{X}$ 6 ,
$P=\pi(0)\in S^{1}$ $S^{1}$ $D=Z[\{P\}]$ . $t$ : $[0,1]arrow R$
$t(\theta)=\theta(0\leq\theta\leq 1)$ , $z$ $P$ $P$ $(P, \pi ot : [0,1]arrow S^{1}, P)$
. $\overline{B}_{0}$ :
$\overline{B}_{0}$ : $I^{\sim_{0}}\zeta(X,p_{X)}6)$ \rightarrow Wh(X, $p_{X}’,$ $2\delta$ ) ;
$[A, p]arrow[f_{p}=(1-p)\otimes 1+p\otimes z : A\otimes Darrow A\otimes D]$ .
[26]
. . $Z[R],$ $Z[S]$ $M$ $N$
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. $Z[R]\otimes Z[S]$ $Z[R\cross S : |R|\cross|S|arrow M\cross N]$ .
$r=(|r|, [r])\in R$ $s=(|s|, [s])\in S$ , $R\cross S$ $((|r|, |s|),$ $([r], [s]))$ $r\otimes s$
. $r\in R$ $r’\in R’$ $(r, \rho : [0, \tau]arrow M, r’)$ $s\in S$ $s’\in S’$
$(s, \sigma : [0, \tau’]arrow N, s’)$ , $(r, \rho, r’)\otimes(s, \sigma, s’)$




$(f’\otimes g’)(f\otimes g)\sim f’f\otimes g’g$ .
$\overline{B}_{0}$ . $f_{p}$ $X$ $\delta$ ;
$(1-p)\otimes 1+p\otimes z^{-1}$ . $(E, 1_{E})$ $(A, p)$
$f_{p\oplus 1_{E}}=f_{p}\oplus(1_{E}\otimes z)$ $f_{p}$ . $g:(A, p)arrow(A’, p’)$ $\delta$
$\delta$ , $g^{-1}$ . $\delta$ $F$ : $(A\otimes D)\oplus(A’\otimes D)arrow$
$(A\otimes D)\oplus(A’\otimes D)$
$F=$ $(\begin{array}{ll}(1-p)\otimes 1 g^{-1}\otimes 1g\otimes 1 (1-p’)\otimes 1\end{array})$ $(F^{2}\sim 2\delta 1)$ ,
,
$(1\oplus f_{P’})F\sim 5\delta F(f_{p}\oplus 1)$
. 4.8 $Wh(X, p_{X}’, 2\delta)$ $[f_{p}’]=[f_{p}]$ . $\overline{B}_{0}$ well-defined
. $\overline{B}$ :
$\tilde{K}_{0}(X, p_{X}, n, 6)arrow\sigma\tilde{K}_{0}(X, px, 9\delta)arrow Wh(X, p_{X}’, 186)\overline{B}_{0}arrow lWh(X, p_{X}’, n, 18\delta)$ .
7. 1 . $\square$
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7.1 6.2(2) . $p_{X},$ $X_{+},$ $X_{-},$ $X_{0}$ \S 6 .
$\epsilon>0$ $X$ $W$ $X_{0}^{4\infty(n+10)\epsilon}$ , $\epsilon’’$ $18\kappa_{n}\epsilon$
. $p_{W}’$ :
$p_{X}^{-1}(W)\cross S^{1}arrow p_{X}^{-1}projection(W)arrow Wpx$ .
$\overline{\partial}_{+}$ : $Wh(X, px, n, \epsilon)arrow Wh(W, p_{W}’, n, \epsilon’’)$ :
$Wh(X,p_{X}, n, \epsilon)arrow\tilde{K}_{0}(W, p_{W}, n, \epsilon’’/18)\partial_{+}arrow\overline{B}Wh(W, p_{W}’, n, \epsilon’’)$ .
$0$ :
$Wh(X_{-}, p_{X-}, n, \epsilon)\oplus Wh(X_{+},p_{X_{+}}, n, \epsilon)arrow Wh(X, p_{X}, n, \epsilon)(j-j+)$
$arrow Wh(W, p_{W}’, n, \epsilon’’)\text{\^{o}}_{+}-$ .
73. $ker\overline{\partial}_{+}$
$Wh(X, p_{X}, n, \epsilon)arrow Wh(X, p_{X}, n,\hat{\epsilon})$
, $\hat{\epsilon}\geq 54\cdot 10^{6}(9n+34)^{2}\kappa_{n}\epsilon’’$ $\hat{W}\supset W^{13\cdot 10^{6}(9n+34)\kappa_{n}\epsilon’’}$
$(j_{-}j_{+})$ : $Wh(X_{-}\cup\hat{W}, p, n,\hat{\epsilon})\oplus Wh(X+\cup\hat{W}, p, n,\hat{\epsilon})arrow Wh(X,p_{X}, n,\hat{\epsilon})$
.





: ( ) $p$ : $Marrow K$
$\leq 1$ $h_{*}-$
$h_{-k}(p^{-1}(v)arrow\{v\})=0(v\in K, k\geq-1)$
$p$ $\leq 1$ $h_{*}-$ :
$h_{-k}(p)=0(k\geq-1)$ .
:
$PK$ : $Marrow K$
$Wh_{-k}(\pi_{1}(p_{K}^{-1}(v)))=0(v\in K, k\geq-1)$
, $\epsilon>0,$ $n>0$ $6>0$ ,
$Wh_{-k}(K, p, n, \delta)arrow Wh_{-k}(K, p, n, \epsilon)(k\geq-1)$
. lower Wh- $Wh_{-k}(k\geq 0)$ .
$k$ $T^{k}=(S^{1})^{k}$ , Bass-Heller-Swan
. $v\in K$ ,
$k\geq 0$ $Wh(\pi_{1}(p_{K}^{-1}(v))\cross Z^{k})=0$ . lower $Wh$- $Wh_{-k}$
[22] . lower $K$- [21]
.
1 $M$ $ANR$ $X$ $p_{X}$ : $Marrow X$
$n\geq 0$ , $\delta>0$
$Wh(X, p_{X}, n+1,6)$ \rightarrow Wh(\pi l $(M)$ )
$\tilde{K}_{0}(X,px, n, \delta)$ $-$ $\tilde{K}_{0}(Z[\pi_{1}(M)])$
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:
$(p_{X})_{*}$ : $Wh(\pi_{1}(M))arrow Wh(\pi_{1}(X))$
$(p_{X})_{*}$ : $\tilde{K}_{0}(Z[\pi_{1}(M)])arrow\tilde{K}_{0}(Z[\pi_{1}(X)])$ .
Chapman Ferry , .
$K$ $FK$ : $Marrow K$ iterated mapping cylinder
structure (Hatcher [11]) . $v\in K$
$Wh(\pi_{1}(p_{K}^{-1}(v))\cross Z^{k})=0(k\geq 0)$
. $k\geq 0$ $p_{K}^{(k)}$ :
$p_{R’}^{(k)}$ : $M\cross T^{k}arrow Marrow K$ .
$p_{K}$
$p_{K}^{(k)}$
$p_{K}$ iterated mapping cylinder structure
, .
8.1. $p_{K}$ . $n>0$ $\epsilon>0$ , $\delta>0$
$Wh(K,p_{K}^{(k)}, n, 6)arrow Wh(K, p_{A’}^{(k)}, n, \epsilon)$
$k\geq 0$ .





$L$ $K$ $\#(L)\leq l$ ,
$Wh(L,p_{L}^{(k)}, n, \delta_{l}(\epsilon))arrow Wh(L,p_{L}^{(k)}, n, \epsilon)$





$l=1$ $L$ $\{v\}$ $\delta_{1}(\epsilon)=\epsilon$ .
$\gamma>0$
$Wh(\{v\}, p_{\{v\}}^{(k)}, n, \gamma)=Wh(\pi_{1}(p_{K}^{-1}(v)\cross T^{k}))=0$
. $\delta_{1},$ $\ldots,$ $\delta_{l-1}$ . $L$ $K$
$\#(L)\leq l$ . $\Delta$ $L$ ,
. ( . )
$L$ $L+=\Delta$ $L_{-}$ $=$ L–interior(A) .
$L_{0}=\partial\Delta$ . $\#(L_{0})<l,$ $\#(L_{-})<l$
$Wh(L_{0}, p_{L_{0}}^{(k)}, n, \delta_{l-1}(\epsilon))arrow Wh(L_{0}, p_{L_{0}}^{(k)}, n, \epsilon)$
$Wh(L_{-}, p_{L-}^{(k)}, n, \delta_{l-1}(\epsilon))arrow Wh(L_{-}, p_{L-}^{(k)}, n, \epsilon)$
, , $\epsilon>0$ $k\geq 0$ $0$ .
$L+$ . 7.2. , $\gamma\geq 0$ ,
$k\geq 0$
$Wh(L_{+}, p_{L+}^{(k)}, n, \gamma)\cong Wh(\{v\},p_{\{v\}}^{(k)}, n, \gamma)=0$
.
$\epsilon>0$ . $L_{0}$ $L$ $\hat{N}$ .
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. , $PK$
. $\{r_{t}\}_{0\leq t\leq 1}$
$L_{-}\cup\hat{N}$ $L_{-}$ , $\{\tilde{r}_{t}\}$ , $p_{K}^{-1}(L_{-}\cup\hat{N})$
$p_{K}^{-1}(L_{-})$ . $(p_{K}^{(k)})^{-1}(L_{-}\cup\hat{N})$
$(p_{K}^{(k)})^{-1}(L_{-})$ $\{\tilde{r}_{t}^{(k)}=\tilde{r}_{t}\cross 1_{T^{k}}\}$ . 7.2
, $r_{t}$ . $L_{+}\cap\hat{N}$
$\delta^{-}(\epsilon)(\ll 6_{l-1}(\epsilon))$ , $k\geq 0$
:
Wh(L $\cup\hat{N},$ $p^{(k)},$ $n,$ $\delta^{-}(\epsilon)$ ) $-Wh$($L$ $\cup\hat{N},$ $p^{(k)},$ $n,$ $\epsilon$ )
$(\tilde{r}_{1}^{(k)})_{*}\downarrow$ $|i_{*}$
$Wh(L_{-}, p^{(k)}, n, 6_{l-1}(\epsilon))$ $Wh(L_{-},p^{(k)}, n, \epsilon)$
$k\geq 0$ 2 1 . ,
$\delta^{+}(\epsilon)$
$Wh(L+\cup\hat{N}, p^{(k)}, n, \delta^{+}(\epsilon))arrow Wh(L+\cup\hat{N},p^{(k)}, n, \epsilon)$
$k\geq 0$ . $\hat{\delta}(\epsilon)=\min\{\delta^{+}(\epsilon), \delta^{-}(\epsilon)\}$ , $\gamma$
2 :
1. 54 $\cdot 10^{6}(9n+34)^{2}\kappa_{n}\gamma\leq\hat{\delta}(\epsilon)$
2. $L_{0}$ $L$ $N$ ,
$N^{13\cdot 10^{6}(9n+34)\kappa_{n}\gamma}\subset\hat{N}$
$\delta^{0}(\alpha)$ , $\alpha>0$ $k\geq 0$
$Wh(N,p^{(k)}, n, \delta^{0}(\alpha))arrow Wh(N, p^{(k)}, n, \alpha)$
63







$Wh(L, p_{L}^{(k)}, n, \delta^{L}(\epsilon))arrow Wh(L, p_{L}^{(k)}, n, \epsilon)$
$k\geq 0$ . $K$
$L$ $\#(L)\leq l$ $\delta_{l}(\epsilon)$ $\min\{\delta^{L}(\epsilon)|\#(L)\leq l\}$
. ,
82. $p_{K}$ . $n\geq 0$ $\epsilon>0$ $\delta>0$
$\tilde{K}_{0}(K,p_{K}^{(k)}, n, \delta)arrow\tilde{K}_{0}(K, p_{K}^{(k)}, n, \epsilon)$
$k\geq 0$ .
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: $n>0$ 8.1 7.1. . $n=0$ $n=1$
.
Ferry [10, Cor.3.2] .
83. $X$ $I^{\infty}$ $ANR$
. $n\geq 0$ $\epsilon>0$ $\delta>0$
$\tilde{K}_{0}(X, 1_{X}, n, \delta)arrow I^{\sim}\zeta_{0}(X, 1_{X}, n, \epsilon)$ , $Wh(X, 1_{X}, n+1, \delta)arrow Wh(X, 1_{X}, n+1, \epsilon)$
. $\delta_{X,n}>0$ ,
$I^{\sim_{0}}\zeta(X, 1_{X}, n, \delta_{X,n})arrow\tilde{K}_{0}(Z[\pi_{1}(X)])$ , $Wh(X, 1_{X)}n+1, \delta_{X,n})arrow Wh(\pi_{1}(X))$
.
: $X$ $U$ $r$ : $Uarrow X$ . $I^{N}$
$0$ $PL$ $K$ , $U$ $K\cross I^{\infty-N}$
. ( ,
. ) $m=n+1$ . $U$
, $r$ $\gamma>0$
$r_{*}$ : $Wh(U, 1_{U}, m, \gamma)$ – $arrow Wh(X, 1_{X}, m, \epsilon)$
. $Wh(Z^{k})=0$ (Bass-Heller-Swan [2]) $1_{K}$ : $Karrow K$
8.1 . , $\delta>0$ $Wh(K, 1_{R’}^{(k)}, m, \delta)arrow$
$Wh(K, 1_{JK}^{(k)}, m, \gamma)$ $k\geq 0$ . $r’$ : $U=K\cross I^{\infty-N}arrow K$
, $i’$ : $K=K\cross(0, O, \ldots)arrow U$ . 72 $Wh$
. .
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$Wh(X, 1_{X}^{(k)}, m, \delta)Wh(U, 1_{U}^{(k)}\underline{i_{*}} , m, \delta)\div Wh(K, 1_{R’}^{(k)}, m, \delta)$
$Wh(X, 1^{(k)}, m, \epsilon)Wh(U, 1_{U}, m, \gamma)\div\downarrow_{x\overline{r_{*}}}\downarrow_{(k)}0\downarrow_{(k)}Wh(K,1_{A’}, m, \gamma)$
. , .
$\epsilon=1,$ $k=0$ $\delta_{X,n}$ $\delta$ . $Wh(X$,
$1_{X},$ $n+1,$ $\delta_{X}$ ) $arrow Wh(\pi_{1}(X))$ $Wh(X, 1_{X}, n+1,1)$ ,
.
$\tilde{K}_{0}$ ( $\delta_{X,n}$ ) $k=1$
7.1 . $\square$
Chapman [5, Theorem 1’] .
84. $p_{X}$ : $Marrow X$ $M$ $I^{\infty}$
$ANR$ $X$ . $n\geq 0$ $\delta>0$
,
$Wh(X, p_{X}, n+1, \delta)arrow Wh(\pi_{1}(M))$
$I^{\sim_{0}}\zeta(X,px, n, \delta)$ \rightarrow Ko(Z $[\pi_{1}(M)]$ )
$(p_{X})_{*}$ : $Wh(\pi_{1}(M))arrow Wh(\pi_{1}(X))$
$(p_{X})_{*}$ : $\tilde{K}_{0}(Z[\pi_{1}(M)])arrow I^{\sim_{0}}\zeta(Z[\pi_{1}(X)])$
.
: $\delta_{X,n}$ 83 .
.
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9. finiteness obstruction .
$CW$ \S 3 \S 4
finiteness obstruction . Chapman [6, \S \S 5,7] finiteness
obstruction .
.
$CW$ . $K$ $CW$ . K(
$k$ . ( ) $k$ $f$ : $(M^{k}, \partial M)arrow$
$(K^{(k)}, K^{(k-1)})$ $k$ , $K$ $k$ $e^{k}$ $f^{-1}(e^{k})$
$M$ $k$ $B_{j}^{k}$ , $k$ $D^{k}$
$\psi_{i}$ : $B_{i}^{k}arrow D^{k}$ $i$ $\theta_{e^{k}}0\psi_{i}=f|B_{i}^{k}$
. $\theta_{e^{k}}$ ; $D^{k}arrow K$ $k$ $\overline{e}^{k}$ .
$f$ : $(M^{k}, \partial M)arrow(K^{(k)}, K^{(k-1)})$ $k$ rel $\partial$
.
$CW$ $K$ , $k$ $(k+1)$ ,
$\varphi$ : $S^{k}arrow K^{(k)}$ $k$ . $CW$
$CW$ . $CW$
(Milnor [14]) .
$CW$ $f$ : $Karrow L$ , $K$
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$e^{k}$ ,
$(D^{k}, S^{k-1})arrow^{\theta}(K^{(k)}, K^{(k-1)})arrow^{f}(L^{(k)}, L^{(k-1)})$
$k$ . $\theta$ $e^{k}$ .
.
$f$ : $Karrow L$ $f_{\%}$ : $f_{\#}C(K)arrow C(L)$ .
$C(-)$ Quinn [17] . fti (-) $f_{\#}$
. ,
$f_{\#}C_{k}(K)$ $K$ $k$ $f$ $L$ . $f_{\%}$
. $K$ $k$ $\theta$ : $D^{k}arrow K$ .
$D^{k}$ $f\theta$ $L$ $k$
. , $f\theta$ $+1$ ,







$f$ : $Karrow L$ $g$ : $Larrow M$ $gf$ : $Karrow M$
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, $(gf)_{\%}\sim g\%g\#(f_{\%})$ .
(Chapman [6, $p.2|$ )
.
$K,$ $L$ $n$ $CW$ , $L$ $X$
$p_{X}$ : $Larrow X$ . $p_{X}^{-1}(\epsilon)$ $f$ : $Karrow L$
$\tau(f)\in Wh(X, p_{X}, n+1,108\epsilon)$ . (
, well-definedness . )
$K$ $L$ $X$ ( $K$ $p_{X}f$ ,
$L$ $px$ ) $\epsilon/10$ . $L$ Quinn [17]
“saturated” . $f$ $p_{X}^{-1}(2\epsilon)$ $f’$ : $Karrow L$
$p_{X}^{-1}(\epsilon)$ , $p_{X}^{-1}(2\epsilon)$ $g’$ : $Larrow K$
. $f_{\#}’C(K)$ $C(L)$ $\epsilon$ . $f’$ $2\epsilon$
$F=f_{\%}’$ : $f_{\#}’C(K)arrow C(L)$
, $4\epsilon$
$G$ : $C(L)arrow^{\simeq\underline}f_{\#}’g_{\#}’C(L)arrow^{f_{\#}’(g_{\%}’)}f_{\#}’C(K)$
. $1\simeq f’g’$ $2\epsilon$
. $FG$ 1: $C(L)arrow C(L)$ $4\epsilon$ .
$10\epsilon$ $GF\lambda\simeq 1$ . $\lambda$ : $f_{\#}’C(K)arrow f_{\#}’C(K)$
$4\epsilon$ .
$f’=f’1_{L’}\simeq f’(g’f’)=(f’g’)f’\simeq 1_{L’}f’=f’$ .
$2\epsilon$
$f_{\%}\lambda\simeq f_{\%}’$ ,




domination finiteness obstruction .
$d$
$K$ $M$ $n$ $CW$ , K $M$ $PX$ : $Marrow X$
$M$ $p_{X}^{-1}(\epsilon)$ domination $(du\simeq 1 :Marrow M)$ $d,$ $u$ .
, $C(M)$ $d_{\#}C(K)$ $2\epsilon$ dominate . 3.1 $(C(M), 1)$
$n$ $(2n+6)\epsilon$ $(4n+8)\epsilon$ .
finiteness obstruction $[M]\in I^{\sim_{0}}\zeta(X, px, n, (2n+6)\epsilon)$ . ( L\"uck-Ranicki
[13] instant finiteness obstruction , $ud\simeq(ud)^{2}$ : $Karrow K$
idempotent . ) $I\zeta_{0}(Z[\pi_{1}(M)])\sim$
, Wall finiteness obstruction $[M]$
.
10. .
\S 8 \S 9 finiteness
obstruction $0$ , $ANR$
finiteness obstruction $0$ .
101. ( ) $CW$ .
102. ( ) $ANR$
.
Chapman [3] West [24] .
10.1 : $f$ : $Karrow L$ $CW$ .
$\tau(f)$ $0$ . $L$
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, $K$ $L$ . ,
(Whitehead [25], Milnor [14],
Cohen [7]), $K$ $L$ $K’,$ $L’$ . $f$
$f’$ . \S 9 , $\delta>0$ $C(f_{\%}’)$
$Wh(L’, 1_{L’}, \delta)=Wh(L, 1_{L}, \delta)$ ,
$Wh(\pi_{1}L)$ $\tau(f)$ . $f’$
$\delta$ . 8.3 $\tau(f)$ $0$
102 : $X$ . $X$
. $r$ : $Varrow X$ .
$N$ , $K\cross I^{\infty-N}$ $U\subset V$ .
$K$ $I^{N}$ $0$ $PL$ . $j$ : $Xarrow K$
:
$j$ : $X$ $arrow$ $U$ $arrow$ $K$ .
, $f$ : $Karrow X$ :
$r$
$f$ : $K$ $=$ $K\cross 0$ $arrow$ $U$ $arrow$ $X$ .
$f$ : $Karrow X$ $X$ finite domination , : $k_{t}$ : $1_{X}$ $\simeq fj$
. $p:Karrow K$ if , $h_{t}$ : $jf\simeq p$
. $p_{*}$ : $f_{\#}C(K)arrow f_{\#}C(K)$ .
$f_{\#}C(K)arrow^{\simeq\underline}f_{\#}p_{\#}C(K)arrow f_{\#}C(K)f_{\#}(p\%)$
:
$H_{t}$ : $fk_{t,\simeq^{J}}fjffh\simeq^{t}fp$ .
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$K_{t}$ : $p^{2}\simeq jfjf\simeq jf\simeq p$ $p_{*}^{2}$ $p_{*}\lambda$ .
$\lambda$ : $f_{\#}C(K)arrow f_{\#}C(K)$ :
$f\simeq fpHp\simeq^{t}fppfK\simeq^{c}fp\simeq f$
. $N$ ( $I^{\infty-N}$
) , $k_{t}$ . ,
. $X$ , $N$
$\lambda$ $(\sim)$ . $P*$
. \S 9 , $\delta>0$ $I^{\sim_{0}}\zeta(X, 1_{X}, \delta)$
. $\tilde{K}_{0}(Z[\pi_{1}(X)])$ $X$
Wall finiteness obstruction . $\delta$ , 8.3
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